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The massless Nelson model describes non-relativistic, spinless quantum particles interact- 
ing with a relativistic, massless, scalar quantum field. The interaction is linear in the field. 
We analyze its one particle sector. First, we construct the renormalized mass shell of the non- 
relativistic particle for an arbitrarily small infrared cut-off that turns off the interaction with 
the low energy modes of the field. No ultraviolet cut-off is imposed. Second, we implement a 
suitable Bogolyubov transformation of the Hamiltonian in the infrared regime. This transfor- 
mation depends on the total momentum of the system and is non-unitary as the infrared cut-off 
is removed. For the transformed Hamiltonian we construct the mass shell in the limit where 
both the ultraviolet and the infrared cut-off are removed. Our approach is constructive and 
leads to explicit expansion formulae which are amenable to rigorously control the S-matrix 
elements. 
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1 Introduction and Definition of the Model 

We study the mass shell of a non-relativistic spinless quantum particle interacting with the quan- 
tized field of relativistic, massless, scalar bosons, where the interaction is linear in the field. This 
model originated as an effective description of the interaction between non-relativistic nucleons 
and mesons. It is usually referred to as 'Nelson model' since E. Nelson (see HNel 64l) showed 
how to remove the ultraviolet cut-off that turns off the interaction with the high frequency modes 
of the field. The limiting Hamiltonian is defined starting from the quadratic form associated with 
the so-called Gross transformed Hamiltonian. The latter is obtained from the Nelson Hamiltonian 
through a unitary dressing transformation [Gro62] after subtracting a constant which is divergent 
in the ultraviolet (UV) limit. This means that only a ground state energy renormalization is neces- 
sary in order to define the local interaction. This model for only one nucleon is known as the one 
particle sector of the translation invariant Nelson model. 

In recent years this model has been extensively studied with regard to quantum electrodynamics 
(QED). In fact, when the bosons are massless particles (i.e. 'scalar photons') the model can be seen 
as a scalar version of the effective theory (non-relativistic QED) that describes a non-relativistic 
electron interacting with the quantized radiation field. In the study of the translation invariant, 
massless Nelson model an ultraviolet cut-off of the order of the rest mass energy of the electron is 
usually imposed. Otherwise relativistic corrections to the electron dynamics and electron-positron 
pair creation should be taken into account. In spite of these simplifications, the massless Nelson 
model gives non-perturbative insights on the infrared properties of QED. 

It is an interesting mathematical problem to clarify whether the results concerning the infrared 
region, which have been obtained in presence of an ultraviolet cut-off, can be extended to the 
'renormalized' Nelson model (i.e. without an ultraviolet cut-off). As presented in [HHS05J these 
questions do not in general have a straightforward answer. 

For the one particle sector of the renormalized Nelson model the study of the mass shell was 
carried out by Cannon few years after the appearance of Nelson's paper. In HCan7H it is proven 
that a perturbed mass shell exists for sufficiently small values of the coupling constant g and in 
the spectral region (E, P) for |P| < 1 . Here, E and P are the spectral variables of the Hamiltonian 
and of the total momentum operator, respectively. In fact, starting from translation invariance, one 
considers the natural decomposition of the Hilbert space on the spectrum of the total momentum 
operator and studies the existence of the ground state of the fiber Hamiltonians H P for \P\ < 1. In 
his paper, Cannon relies on the spectral gap of the fiber Hamiltonians induced by a meson mass. 
The mass shell of the nucleon is then defined by analytic perturbation theory of the ground state 
eigenvector fiber by fiber for |P| < 1 and sufficiently small g. The interaction is in fact a small 
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perturbation of type B - i.e. in the form sense - with respect to the free Hamiltonian. For this type 
of perturbation it is in principle possible to control the perturbed spectral projection and to give 
a meaning to the formal expansion of the ground state vector of the perturbed Hamiltonian. The 
price for this is a very cumbersome formula (see [Kat95 1) making his result almost intractable for 
applications to scattering theory. As a matter of fact, no explicit expression for the perturbed mass 
shell is provided in HCan71i 

Finally, for the massless Nelson model, the result concerning the existence of the mass shell 
was extended by Frohlich to arbitrarily small infrared cut-off with no restriction on the coupling 
constant. The method used in HFro731 is based on a lattice approximation of the boson momen- 
tum space which is eventually removed, a technique inspired by earlier works of Glimm and Jaffe. 
However, Frohlich's expression for the fiber eigenvectors is only implicit. In recent years the 
P-dependence of the ground state energy in the massless Nelson model and in non-relativistic 
QED has been studied in presence of an ultraviolet regularization. HBCFS07H and HChe08l use the 
isospectral renormalization group whereas [AHlOj relies on statistical mechanics methods. 



We accomplish three main goals: (1) By using a multiscale technique for small values of the 
coupling constant and for a fixed infrared cut-off k > 1 (in units where the electron mass m, the 
Planck's constant ft, and the speed of light c all equal one) we first derive the results by Cannon 
for the massless Nelson model. Rather than using regular perturbation theory for quadratic forms 
we employ a multiscale technique for operators inspired by [Piz03J. Our construction yields more 
explicit expressions for the 'renormalized' mass shell. In particular, they are amenable to rigor- 
ously control the S-matrix elements under the removal of the UV cut-off and to compare them with 
physicists' perturbation formulae. 

(2) We then show how to construct the mass shell for the renormalized model when the inter- 
action is extended to frequency ranges down to an arbitrarily small infrared cut-off. This result at 
a small but fixed value of the coupling constant g is beyond the reach of the method employed by 
Cannon HCan71l because the spectral gap shrinks to zero as the infrared cut-off is removed. 

(3) The final part of our analysis concerns the properties of the mass shell in the infrared limit 
where it is well-known that no proper mass shell is present, a fact usually referred to as the infrared 
catastrophe. Following the strategy developed in [Piz03], we implement a suitable Bogolyubov 
transformation for the field variables corresponding to frequencies below the threshold k > 1 . In 
contrast to Gross' dressing this transformation depends on the P- fiber and is not unitary in the 
infrared limit. Fiber by fiber, we obtain a transformed Hamiltonian where the interaction is not 
linear in the field anymore both because of the Gross transformation in the UV region (frequencies 
larger than k) and because of the infrared dressing transformation (frequencies smaller than k). 
Each transformed Hamiltonian has a ground state in the infrared limit, the construction of which 
requires a delicate control of the interplay between high and low frequency modes. The control 
of the mass shell associated with these unphysical fiber Hamiltonians is crucial to analyze the 
infraparticle behavior of the renormalized electron in the massless Nelson model and to provide 
an asymptotic expansion for the scattering amplitudes in 'Compton scattering', free from both 
ultraviolet and infrared divergences. 
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Definition of the model. The Hilbert space of the model is 

<H := L 2 (R 3 ,C;dx)®T(h), 
where T{h) is the Fock space of scalar bosons 



T(h) := r u \ r i0) := C, T j ~ l := Q' h, h := L 2 (R 3 , C; dk), 
7=o 

where O denotes the symmetric tensor product. Let a{k), a*(k) be the usual Fock space annihilation 
and creation operators satisfying the canonical commutation relations (CCR) 

[a(k), a (I)] = S(k - I), [a(k), a(l)] = [a(k), a* (I)] = 0. 

The kinematics of the system is described by: (a) The position x and the momentum p of the non- 
relativistic particle that satisfy the Heisenberg commutation relations, (b) The scalar field <D and 
its conjugate momentum where 

0(y) := f dk p(k) (a(k)e iky + a*(k)e' iky ) , p(k) := \ J_ , co(k) := \k\. 
J v ; (In) 3 ' 2 ^2aj(k) 

The dynamics is generated by the Hamiltonian of the Nelson model, 

H\$:=£+Hf + g®£(x) 

where 

H f := J dk oj(k)a(k)a(k) 

is the free field Hamiltonian, and 

g®£(x):=g [ dkp(k)(a(k)e ikx + a*(k)e- ikx ), p(k) := \ J_ , (1) 

is the interaction term for < r < A < oo; here g e R is the coupling constant and for the domain 
of integration we use the notation := {k e R 3 1 \k\ < cr} for any cr > 0. Note that for A = oo 
the formal expression of the interaction <D|^ is not a well-defined operator on 'H because the form 
factor p(k) is not square integrable. 

We briefly recall some well-known facts about this model. For < r < A < oo the operator 
H\^ is self-adjoint and its domain coincides with the one of H := y + (see also Proposition 
1.1 below). The total momentum operator of the system is 



p ■= p + pf ■= p + J 



dk ka*(k)a(k) 



where is the field momentum. Due to translational invariance of the system the Hamiltonian 
and the total momentum operator commute. Hence, the Hilbert space *H can be decomposed on 
the joint spectrum of the three components of the total momentum operator, i.e. 



'H= dP'Hp 
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where 'Hp is a copy of the Fock space T carrying the (Fock) representation corresponding to 
annihilation and creation operators 

b(k) := a(k)e ikx , b*(k) := a(k)e~ ikx . 

We will use the same symbol T for all Fock spaces. The fiber Hamiltonian can be expressed as 

H P £;=Up-pf) 2 + H* + g [ dkp(k)(b(k) + b*(k)). 

By construction, the fiber Hamiltonian maps its domain in 'Hp into 'Hp. Finally, for later use 
we define 

#p,o := {P + H f , AH P £ : = H P £ - H P>0 . (2) 

The Gross transformation. We use a frequency 

1 < k < 2 

to separate the ultraviolet and the infrared regimes. The re normalization of the Hamiltonian must 
cure the divergence which appears in the second order correction to the ground state energy as 
A — > oo. This logarithmically divergent term 

can be separated from the rest of the Hamiltonian by a Bogolyubov transformation e _r| « , acting on 
all frequencies above k, whose skew-adjoint generator is given by 



c!k/3(k)(b(k)-b (k)), fi(k) := ~g m2 P(k) (4) 



T C '■= f 

Js A \s K ' ~ ^ + co(k) 



Note that for any 1 < k < A < oo, the operators T\^, T*\^ are well-defined on D(H P0 ). For 
1 < k < A < oo the Hamiltonian H P \^ transforms as follows: 

H' P t:=e^H P \^-V^t (5) 

= I (P - Pff + Hf + f + (Bt) 2 ] + Bt ■ B£ 

-(P-pf).B£-B*£-(P-P f ) 

where 

B£:= I dkkB(k)b(k). (7) 

Js A \s K 

It is important to note that the operator equality © holds on D(H P0 ) as proven in [Nel64 1 Lemma 
3]. In the following sections we will study the renormalized Hamiltonian 

HX+gH (8) 
The proofs of [Nel64, Lemma 2 and 3] imply: 
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Proposition 1.1. For < r < A < oo, the operators H P \^ and H' p \£ + g<D|* are self-adjoint and 
their domain coincide with the one ofH PQ . 

By HNel64[ Main Theorem] there exists an ultraviolet renormalized Hamiltonian: 

Theorem 1.2. For all r > 0, there is a unique self-adjoint operator H P \™ on T that generates the 
unitary group defined by 

1 11 

The domain of H P \™ is a dense subset of the domain ofH pQ , and H P \™ is bounded from below. 

However, we will not make use of Theorem 1 1.21 In the case of |P| < P max defined in ® and for 
sufficiently small \g\ this result will follow from our multiscale analysis. 

2 Main Results 

Since the particle is non-relativistic we restrict the total momentum to the ball 

1^1 < /'max := \- (9) 

The ultraviolet and infrared scaling. We shall introduce a scaling that divides the interaction 
term into slices of boson momenta for which, step by step, we apply analytic perturbation theory. 
In the ultraviolet regime, this scaling is defined by the sequence 

a n := Kf3 n , 1 <yS, n e N, 

while in the infrared regime we use 

r m := Kj m , < y < ^ m e N. 

With respect to these scalings we shall use the following notation for Hamiltonians and Fock 
spaces: 



IR UV Hamiltonian Fock space 



k o- n H' p \ n :=H' p \? r\ n Q 






r m a n H' p r m :=H' p \" + g^ Tm T\ n m . 







The normalized vacuum vector in each of these Fock spaces is denoted by the same symbol Q. We 
shall exclusively use the index n to denote the ultraviolet cut-off o~ n and the index m to denote the 
infrared cut-off r m , e.g. 

r\u := m 2 ^,, \ s^jx rc l ■■= \ s T jy 

For a vector \jj in T\ n Q l and an operator O on T\T l we shall use the same symbol to denote the 
vector ifr ® Q. in T]q and the operator O <8> on !F|q, respectively. 

Moreover, the Fock space slices and the related interaction terms are given by 
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Slice 


Interaction 


Fock space 


uv 


[«-„_!, o- n ) 


A JJ' \n ._ jjr in tji \n-\ 


Tl" 


IR 


v m > T m - 1 ] 


SOI-" 1 :=gf£- ] 


7 Iff! 



Similarly we shall use \ n m , \^_ v I™" 1 instead of |^ n ", |^_ 15 respectively, as short-hand notation to 
denote the range of boson momenta associated with the interaction. 

For a self-adjoint operator A which is bounded from below we define the spectral gap as 

Gap (A) := inf {Spec (A) \ {inf Spec (A)}} - inf Spec (A) . 

Moreover, we denote 

E P \ n m := inf Spec(#,G, \ : = infSpec(#X t n») = E P \ n n - (10) 

where Spec (A t -X') denotes the spectrum of the linear operator A restricted to the subspace X. If 
E' p \" n is a non-degenerate eigenvalue of the Hamiltonian H' p \ x m we shall denote a (possibly unnor- 
malized) corresponding eigenvector by YplJJj. In this situation we have 

Ga P (//x rrp= inf A H 'pt- E 'p\ n m\ 

yfl^r p\ m 

where the infimum is taken over the vectors if/ in the domain of H' p \ n m \ T\ n m , and we have used the 
notation 

for any operator A and 0- 6 Z)(A). 



The Mass Shell of H' p \q. The multiscale perturbation theory that we use here relies on the control 
of the spectral gap as more and more slices of the interaction Hamiltonian are added. In the 
construction of the mass shell eigenvectors one observes a major difference between removing the 
ultraviolet and the infrared cut-off. In the infrared limit the main problem is that the gap closes 
and the infimum of the spectrum is not an eigenvalue anymore (see HPiz03IO . In the ultraviolet 
limit the main problem is that the whole spectrum moves towards -oo. The latter is caused by 
the well-known logarithmic divergence in @. In order to gain control on the gap it is necessary 
to extract this divergent term which, as it is also well-known, can be accomplished via the Gross 
transformation. At first, we shall therefore apply the multiscale perturbation theory to the Gross 
transformed Hamiltonians H' p \^, and then use unitarity to inherit all results for the back-transformed 
Nelson Hamiltonians 

H P \l := e- T ^H P \ n Q e T ^ + V self |£, n e N. 

The iterative analytic perturbation theory, which was successfully applied for the infrared 
regime [Piz03], can be adapted to the ultraviolet regime using the following induction: 

Suppose that, for a given and appropriately chosen real sequence (£ M )„ e N bounded from below 
by a positive constant, we know that the following holds for the (n - l)-th step of the induction: 
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(i) Ypl", 1 is the unique ground state of H' p \ n Q 1 with energy E' p \q l . 

(ii) Gap^lg" 1 \r\l- l )>Zn-i. 

In order to show the induction step (n - 1) => n, we first estimate the new spectral gap while adding 
the slice of boson Fock space without modifying the Hamiltonian. An a priori variational 
argument yields Gap {H' p \^ x \ T\^) > % n -\ ■ With this at hand we apply analytic perturbation theory 
a la Kato to construct the ground state of H' p \q \ T\[ Y More precisely, we show that the Neumann 
series of the resolvent 

1 1 °° 1 

H> |» _ z = w _ - Yj[- AH 'p\n-i 77, r i _ / ( n ) 
n p \ Q i, n p \ Q z j=Q n p \ Z 

is well-defined for all z in the domain 

\tn<\E' P V-z\<% n <t n -l. 

Step by step we show the convergence of the Neumann series for a sufficiently small \g\ (and [3 
sufficiently close to one) but uniformly in n. In the control of the resolvent in (fTTT > a convenient 
definition of (£„)„ € n turns out to be crucial. Kato's perturbation theory ensures the existence of a 
projection Q' p \q onto the unique ground state T^l", with eigenvalue E' p \q. Since an a priori variational 

argument yields E' p \ n Q < E' p \ n -\ we conclude that Gap (H' p § f 9%) > £„. 

This way we construct a convergent sequence of ground states corresponding to H' p \" v heN, 

r P \i:=Q%a P \i-'---Q%a 

where Q. is the ground state of H' pQ . The projections Q' p \^ will be given explicitly in (1761) . Finally, 
the unitarity of the Gross transformation implies that 

y p \» : = e~ T ^' P \ l , neN, 

is a sequence of ground states of Hp\" } that also converges, say to a TVI^ e T . Furthermore, we 
prove the convergence of H p \q in the norm resolvent sense to a limiting Hamiltonian H' p \^, the 
unique ground state of which is T'pl^. Precisely, we prove: 

Theorem 2.1. Let \P\ < P max . There is a constant g max > such such that for all \g\ < g max the 
following holds true: 

(i) The sequence of operators (H p \q - V se iflo)«eN converges in the norm resolvent sense to a self- 
adjoint operator Hp\™ acting on T . 

(ii) The limit *¥p\^ := lim^oo ¥p\q exists in f and is non-zero. 
(Hi) E p \q := lim^UEplu - V self \^) exists. 

(iv) Ep\^ is the non- degenerate ground state energy of the Hamiltonian Hp\^ with corresponding 
ground state TVI^. Moreover, the spectral gap ofH P \^ \ T\q is bounded from below by jtK. 
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The Mass Shell of H' p \™ for m e N. Starting from the ground states ^ of the Hamiltonian H' p \ n Q , 
we continue to add interaction slices gO|£™~ 1 , m e N, now below the frequency k and construct the 
family of ground states ^pl", of the Hamiltonians H' p \" n with eigenvalue E' p \'' n , i.e. 

n P\m* P\m - ^Phn^Phn- 

For arbitrarily large but fixed m e N, we prove results analogous to Theorem 12.11 Norm resolvent 
convergence of (// p |",)„ e N is shown in Lemma 15^21 The existence of ¥^1™, m e N, is shown in 
Theorem |5T8l In particular, the spectral gap of H' p \ n m is bounded from below by a constant times r,„ 
uniformly for all n e N U {oo}. This is proven in Lemma 1531 



The Mass Shell of Hj\™. As it is well-known (see HFro73l lPiz03ll ). for every n e N U {oo} the 

T' I" 

ground state ll>p f , weakly converge to zero as m -> oo. This is linked to the infamous infrared 
catastrophe problem in QED. In fact, in the infrared limit the interaction turns out to be marginal 
according to renormalization group terminology. On the other hand it was proven in [Fro73 1 that 

WWCm ^.J.^ W (12) 

which implies that 

p(k) t<B\8 (k) 

b(kWX * a m {VE' P \ n m , k)¥' P \ n m , a m (Q, k) := -g P ) \ SA t mK (13) 

^) l-k-Q 



up to higher order terms as k — > 0. This motivates a strategy to analyze the infrared limit by using 
the Bogolyubov transformation W m (VE' p \" n ) defined as follows: for Q e K 3 , \Q\ < 1, 

W m (Q) b*(k) W m (QT := b\k) + a m (Q,k) b\k) = b{k),b\k). (14) 



Instead of studying H' p \" m directly one considers the transformed Hamiltonian 

Hj\ n m := W m (VE' P \ n m ) H' P \ n m W m (VE' P \ n m y. (15) 

Note that the transformation acts non-trivially only on boson momenta below k. For any finite 
m, the operator W,„(Q) is unitary but this property does not hold anymore in the limit m — » oo. 
Furthermore, for Q + Q' the function a m (Q, k) - a m (Q', k) is not square integrable as m — > oo. 
Most importantly, the interaction term 

Hj'H-Hw (16) 

of the transformed Hamiltonian is now superficially marginal in the infrared limit, in contrast to 
the interaction H' P T m - H P0 . At a fixed ultraviolet cut-off and at a small coupling constant g, it has 
been proven in HPiz03l that the sequence of ground states (0p|^) me N> i-e. 

H p'\m<t>P\m = E 'p\m<f>pC> ( 17 ) 

converges in the limit m —* oo while the spectral gap closes. Consequently, infrared asymptotic 
freedom holds. This result requires a sophisticated proof by induction. In the present paper we 
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prove the same result while simultaneously removing the ultraviolet cut-off. Before sketching the 
main technical difficulties in dealing with the construction of the states (f> P \™ let us briefly explain 
their physical relevance. 

With the states <t> P \ n m and the Bogolyubov transformation W^VE^) at hand it is possible to 
control the properties of the physical mass shell given by the states ^pl^ in the infrared limit, i.e. 
m — » oo, namely the dependence on the total momentum P. This spectral information represents 
the key ingredient to construct the scattering states for the so-called infraparticles (see [Piz03| 
and [CFP09]). The QED analogue of the transformation of the field variables in (fT?l) is related to 
the Lienard-Wiechert fields carried by the charged particle and to the infrared radiation emitted in 
Compton scattering; see [CFP09] for precise mathematical statements. 

More technically, while simultaneously removing the infrared and the ultraviolet cut-off in (p P \ n m 
a major difficulty arises in the induction mentioned above. In fact, the proof of the limit of (p P \" m as 
m — » oo relies on a suitable rearrangement of the terms in the Hamiltonian H^'\ n m given by 

H w P \l = l fpC 2 +H f - VEX ■ P f + + R P \ n m , (18) 
see ([831 ) in Section[6l where the vector operator T P \" n has the crucial property 

(«-rM) = o. (19) 

However, the operator T P \ n m is ill-defined in the limit n — > oo. This suggests the following strategy 
for the simultaneous removal of the cut-offs, for sufficiently small g but uniform in n and m: 

(i) First show that {<p P ^ n ) m m is a Cauchy sequence uniformly in n; 

(ii) then provide bounds of the form 

\\<pp\ n m -cppV\\<Mn,m), (20) 

and 

\VE' P C-VEX; l \<f2(n,m), (21) 

where f\(n, m) and fi(n, m) are such that for the scaling n{m) := am with a sufficiently large 
both (<f> P C T )„eN and (VEpQ ) neV are Cauchy sequences. 

This program will be carried out in Sections |6]and|7] It will yield the second main result: 

Theorem 2.2. Let \P\ < P max . For \g\ sufficiently small the following holds true: 

( i) There exists an a m { a > such that for any integer a' > a m i n and n(m) = a'm, the limit 

« := lim toff* 

m— »oo 

exists in T and is non-zero. 

(ii) E' Poo := lim m ^oo E' p \™ exists and is the ground state energy corresponding to the eigenvector 
(p P \™ of the self-adjoint operator 

iiFioo ._ 1- TjW'\n(m) 

n P loo - — 11111 n P \m ' 

m— >oo 

where the limit is understood in the norm resolvent sense. 
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At this point, we emphasize that at least within the scope of the presented multiscale technique, 
the given scaling to remove both UV and IR cut-offs simultaneously is natural. The method indeed 
relies on the control of the spectral gap, and as the gap closes in the IR limit, the UV limit must be 
taken at a comparatively fast enough rate. 

For the notation throughout this paper, the reader is advised to consult the list below. 



Notation. 

1. By convention i N. 

2. The symbol C denotes any universal constant. Any appearing C is independent of the in- 
dices m and n and of all parameters in the paper, i.e. g,f3,y and at least in prescribed 
neighborhoods. 

3. The bars | • |, || • || denote the euclidean and the Fock space norm, respectively. The brackets 
<•, •) denote the scalar product of vectors in T. Given a subspace "K QT and an operator A 
on T we use the notation 

HAik = iiA r^y. 

4. For a vector operator A = (A (1) , A (2) , A (3) ) with components A (,) : D(A (i) ) —> IF, 1 < i < 3, we 
use the notation 

3 

||A,A|| 2 = ^||A (1 Vll 2 . 



3 Tools 



We recall some standard operator inequalities which are frequently used. For every square inte- 
grate function / the estimates 



dk f(k)b(k)if/ 



i 



dk f(k)b*(k)if/ 



< 



< 



/(*) 



f dk m 

Js A \s T 

f di 

,Js A \s T 

WS A \S T 



2\l/2 



\\(H f £) 1/2 M, 



2\ 



1/2 



\\(H f £) m n 



(22) 



dk\f(W 



1/2 



hold true for all < r < A < oo and if/ in the domain of H 1 ^ whenever the integrals on the 
right-hand side of (1221) are well defined. 

The following two results are crucial ingredients in the proofs presented in the next sections. 
The first one, Theorem 13.11 is a classical result by L. Gross that turns out to be the main non- 
perturbative ingredient for the gap estimates that we obtain by iterative analytic perturbation the- 
ory; see Sections U] and |5] 
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Theorem 3.1. ForO < r < A < ooandallP e R 3 the ground state energies E P \^ := inf Spec (Hp\r) 

fulfill 2?oIt — Ep\t' 

Proof. See HGro72l Theorem 81. □ 

The second one, Lemma [331 plays a role in Sections |5l|6l [7] where we consider the interaction 
both in the ultraviolet and in the infrared regime. It is a crucial ingredient to prove statements 
(i), (ii) in Corollary 15.41 . We stress that the multiscale technique which we apply in Section |4] to 
remove the ultraviolet cut-off at m = does not refer to Corollary |5.4| (i),("ii), and only relies on 
Theorem 13 .H and on a weaker estimate given in (|4"ST ) that follows from (|2"2l) . 



Lemma 3.2. There exist finite constants c a , Cb > such that 

1 



(^,H' P \:^) + \g\c b (^A) 



(23) 



1 - |g|c a 

for \g\ < 1, j- and if/ £ D(H l p ^) with m,n 6 N. 

Proof. See Appendix A. □ 

4 Ground States of the Gross Transformed Hamiltonians H' p \q 

This section provides the proof of Theorem 12. 1 l in Section |2] We start by introducing a sequence 
of gap bounds. 



Definition 4.1. We define the sequence of gap bounds 

n > 



1 

V 7=1 J 



A£ := ^lH (24) 



/orn e N with the scaling parameter {3 > 1. Furthermore, we impose the constraint 

|g|<08-l), l</?<2. (25) 

The definition of the sequence of gap bounds (£„) n6 N in (1241) will be motivated in Lemma |4~51 
Note that £" =1 A£ = ± implies 

—If < %n < \k- (26) 

Remark 4.2. /n ^/zzs section the constraints \P\ < P max and 1 < k < 2 are implicitly assumed. 
Lemma 4.3. For an integer n > 1 assume: 

(i) E'pl'^ 1 is the non-degenerate eigenvalue ofH' p \^~ l \ ( F\q~ 1 with eigenvector ^plg -1 . 

(ii) Gap^l- 1 ir\^)>^ n -i. 

(Hi) E'pl't^ 1 is differentiable in P and \VE' p \^ l \ < C^e = f- 
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This implies that E' p \^ is also the non-degenerate ground state energy ofH p \^ \ T\"q with eigen- 
vector ^plg" 1 <8> £1 Furthermore, 



Gap (HX 1 t r\i) > inf (h' p \^ - erf\U - KV). * (27) 

where < 8 < ^ and the infimum is taken over if/ e D(H P q). 
Proof. Using (i), a direct computation yields 

as the interaction is cut off at tr n _i. Hence, ^p]^ 1 is an eigenvalue of H' p \'^ 1 \ with eigenvector 
^pIq" 1 <8> Q. Let us consider 



inf (tfX 1 -^- 1 }, 



(28) 



As the Gross transformation is unitary and does not affect f\ n n _ v and since H^\ n _ x is positive, we 
have 



© > inf (Hpir 1 - e^K., - ^ir 1 ), • 



ri"3^± , J'pir 1 ®n 



(29) 



We subtract the term 6Hf\ n _ x for a technical reason which will become clear in Lemma |4~5l 
Now, the right-hand side of ([29b is bounded from below by 

min/capta^ 1 \ T^) , inf (h p \^ 1 - 6H f \ n n _ x - E P \^ 1 ) 

where </? e !Flo _ \ ?7 e ^".p V ® *7 belongs to D(H P0 ) and 77 is a vector with a definite, strictly 
positive number of bosons. For m > 1 bosons in the vector 77 we estimate 



inf (H P \r l -9Hf\U-E P \l l ) 



lf/=<p®rj 



> inf 



/ 1 / m m v 

.)\2 P ~ Pf ~Tj k J +^ / + ^lo" 1 +(l-^)E l ^ | -^ | o"7 



> inf 

ftje[a- B _i,o-„) 



7=1 



> (l - e - c VE )o- n -i > 

where the steps (TJU1 ) and (I3TT ) follow from: 

1. cr„_! > /<-, < 6 < I and C V £ = §. 

2. The estimate 



(30) 
(3D 



which holds by Theorem l3.ll 



Ep-j:y =i kj\o 1 - ^olo 1 + £olo 1 - e p\o 1 ^ ^olo 1 - E P \ 



n-l 
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3. The estimate 



-^olo 



E P \[;'>- sup W'$\>-Cve 

I2l<-Pmax 



□ 



since E' p \^ is differentiable in P and |P| < 1 . 

First, this implies that (|28l ) is bounded from below by min [% n -\, |J = £„_i; see (l26i Second, it 
turns out that Ypl^ 1 is the non-degenerate ground state of H' p ^~ l \ T\ n with 

Gap^l'^ 1 \r\i)>tn-x. 

Remark 4.4. Under the assumptions of Lemma \4.3\ it follows that for j,n e N 

E' P \l = inf Spec t iHo) = inf Spec(#^ \ T n+J ) . 

Lemma 4.5. Let n > 1. For n = 1, set H' p \ n ~ l := H' pQ , E' p \"~ l := P 2 /2, and £, n -\ := /c/2. A^me 
that for some universal constant Ce> the bound \E p \^~ l \ < Ce< holds true. Then there exist J3 max > 1 
and g max > such that, for all 1 < 8 < B max and \g\ < g max , the assumptions (i), (ii) in Lemma \43\ 
imply that 



"plo 2 z 



(32) 



w well-defined. 

Proof. Let z be in the domain given in 
(#^-z)-\i.e. 



In order to control the expansion of the resolvent 



1 oo 

I y 

H' _ 7 Zj 

"plQ ^ ;=0 



-A// 



it is sufficient to prove that 



H' I' 1 " 1 - 7 

n p \ Q 4. 



1/2 



A// 



P'«-l I Tj, \n-\ _ 
n p \ c 



1/2 



< 1. 



(33) 



As we shall show now, this can be achieved by a convenient choice of B and g (uniformly in n) 
using the gap bounds (£„)„ e N from Definition l4.il We can express the interaction term by 



w P \u =\ (obi;;-i) 2 + muf) + K~ l • K-i + *r_i • **io~ 

-(p-p^.^-^-CP-p/) 



(34) 



»-i 
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Hence, the left-hand side of (|33l) is bounded by 



B\l 



x 



'^ir 1 -* 



B* 



1/2 



X 



H 'p\'o 1 - Z 



1/2 



+ 



+ 2 



+ 2 



* in— 1 



I TJt IJJ-1 



1/2 



1/2 



+ 2 



(p-W — - 

\H' P \ n Q - 



1/2 



1/2 



//' I"" 1 - 7 



+ 



Notice that the standard inequalities in (|221 yield 



< \g\ c 





■1 


cr m 






1 




cr ;l 



1/2 



1/2 



for all ^ in the domain of if]/,? . Then expression (|35l )-(l38T) can be controlled as follows: 



1 . We estimate 

b\: 



n -^H' p \^-z 



1/2 



<\g\c 



B-l 



1/2 



f\n U/2 



(H J \U) 



H' - 7 
n p \ Q t 



1/2 



Furthermore, since H f \ n n _ Y and H' p \^ 1 commute, we have that 



f\n \l/2 



H' I"" 1 - 7 



1/2 



< 6 



-1/2 



n-\ 



< r 1/a 



1/2 



< 



■1/2 



(35) 
(36) 
(37) 
(38) 



(39) 



(40) 



(41) 



for, e.g. 9 = jr. This is true because of Lemma 1431 the constraints on z given in (T32l) . and the 
bound Ag n = - % n > (see Definition 14 .11) . 



2. Next we consider the bounds 
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and 



B 



* in— 1 



I jj, \n-\ 



H 'p\o * - * 



1/2 



< l*|Cl 



rr 



n p \ Q 4, 



1/2 



rs, 



+ 



1/2 



H' I"" 1 - 7 



1/2 



r\" 



(43) 



Terms including H f \" 1 or (P - P f ) can be estimated as follows: 



(P-P f ) 





1/2 








1/2 







< 



H 



1/2/ L 

p.o t// m-i 



< V2 



# P lo - - z 
ml L 

Pfi W in-l 



1/2 



H' I" 1 — 7 



1/2 



(44) 
(45) 



^T3 



In order to estimate the right-hand side in (1441 and (I45I ). we observe that the standard inequalities 
(l39l) readily imply that there exists a n-indepedent finite constant c uv such that, for \g\ < 1 and 
\g\<j-,iff& D(H p 12 ) and n e N, it holds 



1 



1 - \g\c 

Consequently, for \g\ sufficiently small, we can estimate 

1/2 



(46) 



H 



1/2 | L 



< C sup ( if/, 
u\\=\ 



l+(\z\ + \g\lncr n ) 



H' I"" 1 - 7 



(47) 



where i/r e F|q. Moreover, the right-hand side of 

\z\<\E P \>^-z\ + \E P \»- l \ 

is uniformly bounded because, first, l^plp -1 - z\ < £ n -i ^ \k, and, second, I^Iq -1 ! < Cp by 
assumption. Hence, we get 



H 



1/2 

P'O | rr/ ln-1 _ - 



1/2 



< c 



rig 



l+d+lgllno-J 



1/2 



2 \ 



(48) 



Finally, the remaining norm in (1481 can be controlled by 

1 



/ 1 y 


2 


wis -1 -*/ 


< max • 


Tl" 



l^ir 1 - zl ' Gap (H^g- 1 t FIS) - I^pIo" 1 - zl J 



which is due to Lemma 1431 and the domain of z given in (|32l) . 
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We recall that by Definition 14.11 the sequence (A£„)„ eN tends to zero, which is a necessary 
ingredient in the induction scheme in the proof of Theorem 12.11 Hence, the terms proportional to 
(A£„)~ 1/2 must be treated cautiously. It turns out that the sum of the terms in (1351)-(13%T) is bounded 
by 







\g\ 



08-1) 
cr„A£ n 



l/2\ 



+ 



\g\ 



Q8-l)lnjS " 



«-l\l/2\ 



< \g\ lj2 c 



Q6-1)V 1/2 



(50) 



for \g\<(fi- 1); see d25i This dictates the choice A£, := made in Definition gTj Hence, 

for all n e N we get 

1 



"pio 



1/2 



A// 



1/2 



< lsl 1/2 c 



7TS 



< \g\ m c. 



(51) 



Therefore, (|33T ) holds for |g| sufficiently small which proves the claim. 
Definition 4.6. For n 6 N we define the contour 



□ 



i^ir 1 



The bound in (|50l) was delicate because the outer boundary of the domain of z might be close to 
the spectrum. However, when considering z being further away from the spectrum we get a much 
better estimate: 

Corollary 4.7. Let g, f3 fulfill the conditions of Lemma 14.51 and z 6 T n or z = E' p \q + iA with 
A e R, \A\ = 1 for neN. The following estimates hold true 



1 



H' I"" 1 - z 



1/2 



A// 



1 



\ H' \n-\ _ 



1/2 



<Qg\ 



H' P \l-z H 



t \n-\ 



<C|g| 




(52) 
(53) 



Proof. It is enough to notice that in the estimate of the left-hand side of (1521) one can just replace 
A£„ in (|50l) by a constant and use that 1 < f3 < 2, see (|25T) . For |g| small enough, the inequality in 
(1531 follows from (B2b. □ 



With these lemmas at hand we prove the induction step for the removal of the ultraviolet cut-off. 

Theorem 4.8. Let g, f3 fulfill the assumptions of Lemma 14.51 Then for \g\ sufficiently small the 
following holds true for all n e N: 

(i) E' p \q := inf Spec [H' p \q \ <F\'^) is a non-degenerate eigenvalue ofH p \^ [ T\ n Q . 
(it) Gap {H% \T\i)>Zn. 



The Mass Shell of the Nelson Model without Cut-Offs 



18 



( Hi) The vectors 



Y P \i:=Q' P \ftX l , Q' p \i : = -± £ ;>1, (54) 



are well-defined and ^'pl'^ is the unique ground state ofH' p \ x Q \ < F\L. 

( iv ) The following holds: 

llnio-nir1l^ci,i(^i^) 1/2 , (55) 

imioll * C v (56) 

where < CV < 1. 

(v) Eplg ?5 analytic in P for all n eN and the following bounds hold true 



IFpIS - I < citf 1 ^^-, l^ p |g| < C v \ > - ) , (57) 



|V£^ - VZ^-'I < C|^^-^, |V£^| < C V£ I = - I , (58) 

where E'X = f and V£^|° = P. 

Proof. We prove this by induction: Statements (i)-(v) for (n — 1) will be referred to as assumptions 
A(i)-A(v) while the same statements for n are claims C(i)-C(v). For n = 1 the claims can be 
verified by direct computation and by using Lemma 1431 Let n > 1 and suppose A(i)-A(v) hold. 

1. Because of A(i), A(ii), and A(v) Lemma |4~3l states that 

Gap (fly;;- 1 rris) >?»-i. 

Lemma |431 ensures that the resolvent {H' p \ n Q - z)~ { is well-defined for ^ n < \E' p \'^~ l - z\ < tj„. 

2. Hence, Kato's theorem yields claims C(i) and C(iii). As a consequence, the spectrum of H' p \q \ 
T\ n Q is contained in {E' p \" Q } U (E' p \'^ + £»> oo) because E' p \ n Q < E' p \ n ~ l by (iii) of Corollary 15741 for 
m = 0, which proves claim C(ii). 

3. Next, we prove C(iv). By A(iii) we have 



(59) 



where we have used Lemma 14771 and that \^' p \q L || < 1 holds by construction. Furthermore, 
starting from the identity 

imioii 2 = iinir 1 ii 2 + iinio-nir 1 ii 2 +2Re(ni^^nio-nir 1 ) m 
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we conclude that 



\mX-\\v' P V\\ 2 =o[\g\ 2Q3 l)n 



Finally, since H^plgll = 1 by definition, 



(61) 



for some positive constant CV, and \g\ sufficiently small and subject to the constraint \g\ < 
(J3- 1); see d25]). 



4. In order to prove C(v), first by using (1521 ) and (1561 ) we can estimate the energy shift as follows 



I j?r in _ 77' in-li 



I XII' \n \TJ' in IT/' 



/\T/' in VI/' 

\ T piO' P'O / 



0\\g\ 



a (j 3-l)n 

fin 



This readily implies 



for some constant 



l«l^y + C|,| 2 2^<C £ 



(62) 



./=(> 



Since (# P loVi<p m;ix is an analytic family of type A and E' p \ n Q is an isolated eigenvalue, E' p \ n Q is an 
analytic function of P and 



VE' P \ n Q = P-({Pf + B\l + BX]\ n 



(63) 



By using equations dH, (gB, (|42]), <@3]), d46j) for z 6 T n (see Definition [16]), and d59]), for \g\ 
sufficiently small one can easily prove that 

v£pio-v J E P ir 1 = -<[5i;;„ 1 + 5i;;_ 1 ]> ip , l „ 

+ ([p -p f + + b*\»-%, p - ([/> - p f + si- 1 + snr 1 ])^ r , 

and finally the bound |V£^| < f = C V£ . □ 

We can now prove the first main result. 
Proof of Theorem 12. 1 1 in Section^ 
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(i) Recall that Yplg := e T ^' P \^. By unitarity of the Gross transformation 

^IK/^-lWo^ll + lWo-nio" 1 !! 

holds. The convergence of (^plg)^ to a non-zero vector (see Theorem 14. 81 l and 

HO 7 " 1 -- - l)nio _1 H ^ C dA Ik^'Tl^lo" 1 !! 
Jo 

n—>co 

imply the claim. 

(ii) Again the unitarity of the Gross transformation and (0 implies 

E P \l - V se if \l := inf Spec (H P \ n \ TQ - V self \ n = E' P \ n . (64) 

Since the right-hand side of (|57l) in Theorem 14. 8 l is summable, the sequence (E' p \^) is conver- 
gent. 

(iii) By Corollary O the resolvent (H' p \ n Q - z)~\ for z = E' p \ n Q + iA, A e R and \ lmA\ = 1, con- 
verges as n — » oo. Furthermore, for every n the range of (H' p \ n Q - z)" 1 is given by D(H P0 ) 
which is dense in T . Hence, the Trotter-Kato Theorem [RS81, Theorem VIII. 22] ensures 
the existence of a limiting self-adjoint Hamiltonian H' p \q on T . Because of the unitarity 
of the Gross transformation, the family of Hamiltonians H p \q - V S eiflo\ n e N, converges to 
Hp\q '■= e~ r| " H' p \^e T ^ in the norm resolvent sense as n — » oo. 

(iv) By (iii), is a ground state of H p \q. Moreover, Theorem I4.8l ensures 

Spec ((H' P \" - E' P \l) \ r\l) c {0} U (f n , oo). 

Since £ n > ±k the set (-oo, 0) U (0, ±ic) is not part of the spectrum of (H' p \ n Q - E' p \ n Q ) \ T\ n Q for 
any n e N. As the spectrum cannot suddenly expand in the limit [RS81 , Theorem VIII. 24], 
this proves the claimed gap bound. The gap bound and the resolvent convergence imply that 
E' p \™ is a non-degenerate eigenvalue. 

□ 

5 Ground States of the Gross Transformed Hamiltonians H' p \™ 

for meN 

So far we have studied the Gross transformed Hamiltonian H'p^ for an arbitrary large n. In the 
following we want to add interaction slices below the frequency k. As a preparation for this we 
state some important properties of the Hamiltonian 

H' P \ n m :=H' p r 0+g O\° m 

for any m e N U {oo} and n e N. Note that for all such cut-offs the operator H' p \" m is a Kato small 
perturbation of H P $ and therefore self-adjoint on D(H P q). We collect these facts including the 
limiting case n — » oo in the next lemma. 
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Remark 5.1. In this section we implicitly assume the constraints \P\ < f max and 1 < k < 2. 
Furthermore, g and {3 are such that all the results of Section^hold true. 

Lemma 5.2. Let \g\ be sufficiently small. For n e N, m 6 N U {oo} there exists A e R such the 
operator 

1 



If' In — f \ n + iA 



/zas range D(H P0 ) and converges in norm as n — » oo. Therefore, the sequence of operators H' p \'^, 
n G N, converges to a self-adjoint operator acting on T in the norm resolvent sense. 

Proof. Let m e N U {oo}. The only non- straightforward case is n — » oo. First, we show the validity 
of the Neumann expansion 



1 1 A 
= = r \ (v ft y 

H' P t - e'x ± a ffpis + - #,13 ± « " ^ 



(65) 



for 



7?„ : — 



H' p \q - + iA 



and 



S = -M 



With the standard inequalities (|2"2l we estimate 



IIWI < C|g| 



/iOU/2 



# P lo - fiplg + iA 



1/2 



1/2 



777 +Qg\- 



(66) 



Fix a ff such that 1 - 6' - Cv£ > 0. From an analogous computation as conducted in the proof of 
Lemma 1431 one finds 



inf {f,{H' P \l-&mi-E'M)>Q 



where the infimum is taken over ft e D(H PQ ). Consequently, we get that 



ffHf\l 



H'X ~ ffHffc - E'X + 0'Hft ± a 



1/2 



< 



holds because and H'X commute. For \A\ sufficiently large this gives 

14 



(67) 



so that the Neumann expansion in (1651) is well-defined for all n e N. Moreover, the limit of (J65 
for n — > oo exists because: 

1. The sequence (/?„) n€ N> converges in norm; see Theorem 12.11 

2. \\R,S\\, \\SR,\\ < 1 for all I e N, see @7) 
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3. For any j > 1 we have 

WRASR,)^ 1 -R n (SR n ) j+l \\ < \\SR,\\ mSR^-R^SR^W + \\R n S\\ i+l \\R, - R n \\. 

For all n e N the range of the resolvent (//p|", - E' p \q + iA)' 1 equals D(H PQ ) and therefore it is dense. 
Finally the Trotter-Kato Theorem HRS8U Theorem VIII.22] ensures the existence of a self-adjoint 
limiting operator H' p \™ bounded from below. □ 

For the Hamiltonian H' p \ n m , where the infrared cut-off r m is arbitrarily small but strictly larger 
than zero, we construct the corresponding ground state T^l",. For this construction we introduce a 
new parameter £ and provide necessary constraints on the infrared scaling parameter y depending 
on the coupling constant g. 

Definition 5.3. We consider an infrared scaling parameter y that obeys 

1 °° 1 

0<r<-, \g\<y\ yy(i+j)<-. (68) 

M 

Furthermore, we fix the auxiliary constant < £ < j? such that 

l-6-C VE >2^ 

where < 9 < I and Cvs = |. 

As we shall see later, the upper bound on £ is constrained by the ultraviolet gap estimate; see 
(iv) in Theorem 12.11 

In the iterative construction of the ground state we use Corollary 15.41 below that relies on 
Lemma [3T21 and on Theorem 13. II for statements (i),(ii). The estimate in (iii) is based on a sim- 
ple variational argument. 

Corollary 5.4. Let \g\ be sufficiently small. For all n, m e N the following holds true: 

(i) -\g\Cb < E'pl 1 ^ < jP 2 , where Cb is the constant introduced in Lemma [Ol 

( ii) There is a g max > such that for < \g\ < g max and all k e R 3 

E' P _ k \ n m -E' P \ n m >-C VE \k\. (69) 

(iii) Assume that E'pC 1 , E' p \ n m+l , andE' p \ n m are eigenvalues ofH' p \ n m +l t T^ 1 , H' p \ n m+1 \ T\ n m+V and 
H' p \ n m t r\ n m , respectively; then E' P C\E p \ n m+l < E' p \" m . 

Proof. See Appendix A. □ 

Lemma 5.5. Let \g\ be sufficiently small and neNU {oo}. For an integer m > 1, assume: 

(i) E'pl 1 ^^ is the non-degenerate eigenvalue ofH' p \^ n l \ ( F\",_ l with eigenvector Ypl"^. 

(ii) Gap (H' p \l_ x \r\ n m _ l )>{r m - l . 
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This implies that E' p \'^ j _ l is also the non-degenerate ground state energy of H' p \" t _ l [ T\ n m with 
eigenvector ^'pl'^^ <g>£X Furthermore, it holds : 

Gap {H' P \ n m ! t r\l) > inf (h'X l - 9H f Z~ l - E' P \ n m ,) 

> ^r m (70) 
where the infimum is taken over if/ 6 D(H P0 ). 

Proof. Mimicking the steps in the proof Lemma 14.31 and the inequality in (|69| ) we get the bound 

inf (H' P \" + gO\^ - QH f Z~ l ~ KL-i), > (1 - e - C VE )r m > 2{r m . 

This gives the estimate 

Gap(//X-i r TO = Gap((^.IS + t Ffc) > mini^.^2^} = 2^r m 

where in the last step we have used that y <\\ see (|68l) . This proves the claim for any finite n, m. 
But the resolvent convergence proved in Lemma [572] ensures that the statements remain true in the 
limit n — » <x> as the spectrum cannot suddenly expand in the limit [RS81 , Theorem VHI.24]. □ 

Lemma 5.6. For n6NU(oo) and m > 1 there is a g max > such that, for \g\ < g m3X and y fulfilling 
the constraints in ft68t) . the assumptions of Lemma 15. 51 imply that the resolvent 

1 



H' I" - z 



restricted to Tf m , is well-defined in the domain 



^T m <\E' p \" m -l-Z\<{T„ 



(71) 



Proof. It is sufficient to show that 



//' I" - 7 



1/2 



m-1 



//' I" - 7 



1/2 



(72) 



is less than one for all z in the given domain. For g sufficiently small this is true because: 
1 . By standard inequalities in (|22)) the estimate 



m— 1 



1 



H' \" - 7 



1/2 



<|g|C((i-r)T m _i) 



1/2 



i 



//' r - 7 



1/2 



re 



(73) 



holds true. Since Hf\™ 1 commutes with H' p \ n _, and using (1701) . the spectral theorem yields 



(i y/|«-i)i/2 



//' I" - 7 



1/2 



< c. 



(74) 
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2. Using Lemma 15 .51 we get 



H'\" -7 



1/2 



< max 



1 



1 



T\" m 



< 



(75) 



Combining d73l> . (l74l) . and £75]) we find 



m < Qg\ 



T m-\ 



1/2 



C\g\y- Xl2 < C\g\ 



3/4 



where we have used the constraints in (|681 ). This proves the claim 



□ 



Inside the domain where the resolvent is well-defined, let us now introduce the integration 
contour that is used to iteratively construct the ground state vectors in Theorem 15.81 below. 



Definition 5.7. For m e N we define the contour 



Z & 



\E 



' I" 

PI in- 1 



z\ = 



Theorem 5.8. Let n e N U {oo} and g,y sufficiently small such that the constraints in < \68\) are 
fulfilled. Then for allm>0 the following holds true: 

(i) E' p \ n m := inf Spec (H' p \" m \ !FM is the non-degenerate ground state energy ofH' p \" n I T\ n m . 

(ii) Gap(#X ir\ n m )>{T m . 
( Hi) The vectors 



ni(,:=m" 



W I" 



PlO' 
^Plm^plm-l' 



cy i" •- L 



Ini 



dz 



H' 



m > 1, 



(76) 



l Phn ' Z 

are well-defined and non-zero. The vector ^'pl^, is the unique ground state ofH' p f m \ TT m - 

Proof. The proof is by induction and it relies on Corollary 15.41 Lemma [531 and Lemma I5T61 Since 
the rationale can be inferred from similar steps in the proof of Theorem 14. 8[ we do not provide the 
details. 

The main difference with respect to Theorem 14.81 is the fact the sequence of vectors does not 
converge. Moreover, here we only prove that the norm of the vector ¥^1^ is nonzero for all finite 
m that follows from the bound H^pPI > C"| l v f^l" 7 _ 1 II - The same type of argument is shown for the 
vectors (p P \" m (with n finite) in the next section. We refer the reader to equations () 1 001) — (1 1 061) . □ 

An auxiliary result needed for the next section is: 

Lemma 5.9. Let \g\ be sufficiently small. Then for all n, m e N 

(i) 



\E' P \ n 



Plm+l 



f' r 



< Cg 2 y m 



(77) 
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(ii) 

\VE' P \ n m \ < C VE (78) 

hold true, where ^E' p \'^ is given by 

VE' P \ n m = P-{[pf + B\l + B*Q) (79) 

Proof. (i) The claim can be seen from: 

(a) The gap estimate (1701) and (i) in Corollary 15.41 



(b) The bound 



P(k) 2 



which can be inferred from completion of the square, 
(c) The inequality 

f dk ^L < V- 

Js TmV s Tm+l dio(k) e 

(ii) Since {H' P \1 n )\p\<p m .^ is an analytic family of type A and E' p \" n is an isolated eigenvalue, equa- 
tion (1791 ) holds by analytic perturbation theory. Moreover, (1781) follows immediately from 
Corollary EH (ii). 

□ 



6 Ground States of the Transformed Hamiltonians i/]Tl£> for 



This section provides the key result for Section [7] where we remove both limits simultaneously. 
Here (Section© we generalize the strategy employed in [Piz03] to perform the limit of a vanishing 
infrared cut-off r m uniformly in the ultraviolet cut-off cr„. 

Remark 6.1. In this section we implicitly assume the constraints \P\ < P max and 1 < k < 2. 
Furthermore, g,/3, and y are such that all the results of Sections\4\and\5\hold true. 

Preliminaries. We collect the definitions of the transformed operators and vectors, and we ex- 
plain some of their properties: 





Hamiltonian 




Fock space 


H P \m ■ 


= W m (VE' p \ n m ) H' p \ n m 


W m (VE' p \ n m Y 


r\ n m :=T{L 2 {'B (Tn \B rm )) 


M P \m ■- 


W^VEX-r) H' P \ n m 


w.niVE'^y 


J <m 
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Notice that 



Hj\ n m = W^E'pC^W.niVEXTHTCW^E^WUVEX^T- (80) 



The transformation W m (Q), Q e K 3 and \Q\ < 1, was defined in (IT4|) and it is unitary for all finite 
m. For n, m e N we iteratively define the vectors 

II/' in 

A, I" • P '° 

0pIo -~ 



« : = evw:,, ova := ^ Jz (81) 



2?ri Ja f/W" |i 



w w (Vi?X)W',„(VEX-i)*« 



where the contour A m was introduced in Definition 15.71 This family of vectors is well-defined 
because of the unitarity of the transformations W m and of the results of Section |5j If the vectors 
<f>p\" n and (p P \" n are non-zero they are by construction the (unnormalized) ground states of fljf'l^ and 
ffjf'l^, respectively. Assuming that these vectors are non-zero we introduce the following auxiliary 
definitions: 

A tn'= J dkka m (VEX,W(k) + b*(k)], C { ™ := J dk ka m (VE' P \ n m ,k) 2 , 
CHm-= j dkoj(k)a m {VE'X n ,k)\ C%£:=2g J dk p(k)a m (VE' P \" m ,k). 
where the function 

p(k) IsAsJk) 



(82) 



a m (VE' P \ n m ,k) :=-g 



a>(k) i _ % . y E >\n 



' ' pirn 

was introduced in (TT~3T > . Furthermore, we define 

R P \l := -VE' P \l ■ (B\ n + BTo) - \ ([B\ n , P-P f ] + [P- P f , B*\" ] + [B\ n , 5*|" ]) , 

np\ n m :=pf+A^ + B\Z + Br (83) 

= W m (VE' P \ n m ) (Pf + B\" + B*\») W m (VE' P \ n J* ~ Cg?, 
TpC:=UpC-(UpO m ,, (84) 

_ 1 

T ~ 2 



C P,,« — T ~ « ^ ~ V ^pU - V ^pU • <- P , m + ^ + C pm . 



Using these abbreviations and a formal computation carried out in Appendix E one can prove that 
the identity 

Hj'\ n m = f P C 2 + Hf - VEX ■ P f + Cg, + RpC (85) 

holds on D(Hpo) for all n,m e N. As in HPiz03H the 'normal ordered' operator Tpl", will play a 
crucial role in the next steps. 
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Analogously, one can verify that on D(H P0 ) and for n, m e N the following identity holds true: 

Hj T m = \ (T P \U + Ag, - A%_ x + Cg? - C™J +Hf- VE' P \U ■ P f + d» + R P ? m _ x ; (86) 
here we have similarly introduced, for any fixed n e N, 

^p]n-= J dkka^Ep^.mm + b^k)], := J dk ka^VE'^kf, 



C 



\o),n) 
P,m 



I 



dk io{k)a m (yE P \"k) 



'(p,n) ._ 
P,m ' ' 



I 



(87) 



2g dkp{k)a m {VE P \ l m ^,k\ 



which differ from those in (f82T > only in the argument of a m . We also define 

U P \l :=P f +A^ + B\» + BT 

= W m (VE' P \U) (P f + B\» + B%) WjyEtCJ - eg?, 
Tp\l :=Up\ n m -(Up\ n m }- pC , 



(88) 



pi i 



Notice that using (1791) we have the following identities 

( U p\"m) M 'i, = 75 - V£ plm - C p'm> 

r P \l = w m (VE' P o (p f + b\o + s*is) w m (V£Xr - J> + v£ P i;;, 

fpi: = w m (VEX- l )w m (VExrr P cw m (VEX)w m (VE' P r m - l y 
fpi;; - r,!^ = (vex - vE P r m -i) + #58, + - c S-i)- 



(89) 
(90) 

(91) 
(92) 



To start with, we show that for any finite m, the vectors (p P \ n m and 0/>|"„ are non-zero. Namely, 
by starting from (p P \^, we estimate the norm difference 



VI", - 4>p\" m -i\\ - 



1 

2m 



dz 



TjW'\ n _ z 



j in j in 



(93) 



In (1931 we expand the resolvent with respect to 



\ztW'w-1 ._ TjW'm _ TjW'm _ M") , 

™P lm - _ n / J lm n ? Im-l °P,m " r °P,m-l 



- I fit") , r*'") - r (k - n) \ 2 4. 

_ 9 V P" 1 Pm-1 ~ r ^P,m ^P,m-l) 

I [It") _ <(») r in 1 , 
9 [ A P,m /1 P,w-l' A ^U-lJ + 



2 
+ 



+ 



\ A P, m ~ A P,m-l j " 1 + l C P,m ~ C P,m-l J " 1 ^ 



m-1 ' 



(94) 
(95) 

(96) 
(97) 



Given the form of AfPj'l™ 1 it is convenient to replace the integration contour A„, with A„ 
defined below: 
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Definition 6.2. For m e N define 

A 

In the same fashion as Theorem 15 .81 we ensure the bounds 



_ l7 _("r W -C (n} )\7£A 



-tr < IF' I" 



'Pjn-V 



for z in the original integration contour A m . For this we observe that 



\f%n) _ r (n) I . T-r-r 



(98) 



(99) 



and hence, for |g] sufficiently small, 



1 



£r m > -£T m + g Cr m - { > \E P \ n m _ x -z + C Pm 



P,m-1' — 2^ T "' ^ CT m -\ > 



where in the last step we have used the constraints in (|68l ). The upper bound (|98l ) follows from 
(|99l by a similar argument. Hence, we can use the shifted contours A m instead of A„, and estimate 



m-1 I 



< 



2ni£ n dZ f t ( E ' p \^-z) [hJ\>1 



1/2 



X 



(100) 



x 



W P lm-1 ~ 2 



1/2 



(-A^ir 1 ) 







Ux-l-*) 1 


«-i 



< cy sup 



7=1 



1 


1/2 




F' 1" - 7 
^P'm-l ^ 







X 



Tl" 

y I;;? 



it Win _ 

"P lm-1 ^ 



1/2 



it Win _ 
n P lm-1 4 



1/2 



./-I 



X 



Tl" 

* Im 



X 



ttW in _ 

n P lm-1 *■ 



1/2 



n p lm-1 *■ 



1/2 



(101) 
(102) 
(103) 



Firstly, the gap estimate in (|751 ) immediately yields 



sup 

zeA m 



1 


1/2 


/ 1 y 


f' r - z 

■^plm-l * 




\ fl P lm-1 *■/ 



< 



C_ 

ytn 



so that (11011) is bounded by a constant. Secondly, we show that the series in (11021) is convergent. 
We remark that (A^ - A^_j) commutes with W^V^X-i) so that 



it Win 
^P lm-1 _Z 



1/2 



//' I" - 7 
"plm-l < - 



(An) _ A (n) \ r ,„ ( 1 
V^P,m ^P.m-lJ L P\m-l rrWrn 

\ H P U-l _ 

PS. - A S-i) • ( p/ + fi lo + **lo + v^lLi - />) (ttt^- 



,1/2 



P'm-l 
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where we used again the unitarity of W m -\. Since (A ( p } m - Ap m l ) commutes with B\" } , B*\ n Q it is 
enough to bound 



H' I" - 7 



1/2 



PS, - <-i) -\P f - p + *0 (tf^—) 

< r (A (n) - A (n) \ 

1 



1/2 



Phn-] 
1/2 



re 



°plm-l ^ 



X 



7TJ 



x 



1/2 

xn Ph,i~l c 



1/2 



+ 



H'\" -71 



r 






r\ n m - 



(104) 
(105) 



The factor (11041 ) can be bounded by C|g|y (m_1)/2 , similarly to (f73l . Both terms in (11051 ) can be esti- 
mated as C\g\y~ m/2 using inequalities (l2~2~l)-(l2~3l and the uniform bound on \E' p \" n \ given by Corollary 
15.41 see an analogous argument in (1481 ) that exploits the bound in (|46l) . All the remaining terms can 
be controlled in a similar fashion. Hence, for \g\ sufficiently small and y satisfying the constraint 
(1681). we conclude that 



||«|| > C||«-il 



(106) 



for a strictly positive constant C. 



Key result. Theorem 16.31 below is the key tool needed for proving the second main result of this 
paper, namely that the ground states (0p|",) me N converge to a non-zero vector. This theorem relies 
on several lemmas (Lemma |6~4l Lemma 1631 and Lemma 1631 ) that will be proven later on. 

Recall that the symbol C denotes any universal constant. Throughout the computation it will 
be important to distinguish the constants C,, 1 <i<l. 



Theorem 6.3. For \g\, y, and £ sufficiently small and fulfilling the constraints in Definition 15. 3\ the 
following holds true for all n 6 N, m > I: 

(i) ll« - «ll < my'i and ||« - M^W < 7 f , 

(U) ll«ll>i-Z"Lir"(i+j) (>5>> 

(Hi) Let z € A m+ i and 5 := \ then 

1 



1 p \m 



<t>p\nv 



n P \m i - 



< 



7 



i = 1,2,3. 



Proof. We prove this by induction: Statements (i)-(iii) for (m - 1) shall be referred to as assump- 
tions A(i)-A(iii) while the same statements for m are referred to as claims C(i)-C(iii). 
A straightforward computation yields the case m = 1 . 

Let m > 2 and suppose A(i)-A(iii) hold. We start proving claims C(i) and C(ii). 
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1. Due to the inequality in (|101|) - (|103l ), the estimate 



U P \ n m -<Pp\ n m -^\<c, 



1 



ttW m _ 
n P lm-1 c 



1/2 



A uW' im-1 
arl n \m I jjW' \n 



1 



P 'm-1 



1/2 



«-l 



holds true for \g\ sufficiently small, uniformly in n and m. Furthermore, Lemma 16.51 states 
that 



1 



tjW \n _ 
H P L-l ~ Z 



1/2 



i 



17 Win , 
H P lm-1 ~ Z 



1/2 



« 



m-1 



< lgic 2 r— 



/ 3 
V i=l 



1 P \ m -l9P\ m -V TjW'm 



H P \m-l~ Z 



r ( p\" m _ l (f>p\" n _ l 



which together with the induction assumption A(iii) yields 

UpC - < \g\CxC 2 y'^ (l + 3|g|^ r -^) . 

For \g\ sufficiently small and y satisfying the constraints in (1681 ) we have 

ll«-«-ill<7 5 - 

Finally, from (1 1 07 b . A(ii) and (1681) we conclude 



m— 1 1 



Mi - « 



Hl-l I 



m-1 . 

r(i + j)-r 4 > r. 



7=1 



(107) 



(108) 



2. We observe that 



~ «ll < lltW^V^DW^V^I^!)* - l r| n] 

< 



[w m (V£ P i;;) - w m (vz<X-i)] 



(109) 



holds because the vectors ¥^1", and W m {V Ep\" n i )* (p P \" n are parallel and ||0p|"J| < 1. Lemma 
16 .61 yields 



(2093 < |g| C 3 m | In y\ 



VEX ~ VEJ,£-i 



(110) 



The difference of the gradients of the ground state energies in (II 101 is estimated in Lemma 
which states that 



iv^x-v^dl^^c^ + sup 



i 



zeA, 



1/2 



A SFim-1 1 ' 
v/7 P Iff! 



1/2 
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Hence, using Lemma [631 (11071 ), (11081 ) as well as assumptions A(ii) and A(iii), one finds that 

||« - «|| < \g\C 3 m\\ny\ (g 2 C 4 y m ~ l + \g\C 2 y'^{\ + 3\g\^y-^) + C 5 y?) 
which implies 



ll«-«ll<mr 



(111) 



for \g\ sufficiently small and y fulfilling the constraints in (1681) . 

Estimates (|107l) and (|1 1 II) prove C(i). C(ii) follows along the same lines as (11081) using the bound 
in (flTTI). _ 

Finally, we prove claim C(iii). Let z e A m+ i and i = 1, 2, 3. Using the unitarity of the transfor- 
mations W m we get 



l 



^p\m4>p\m 



r(')\n j. in 

1 P \mfP\m> ~ w , 



1 



r(0|1 -A l' ! 
P LWrn 



zjW'in _ 
11 P lm *• 



see identities (I80l)-(|9TT). For \g\ sufficiently small, i.e., \g\ of order y 2 , we can expand the resolvent 
(Hp 7 '\ n m - z) -1 by the same reasoning as for (1100b - (11031 > even for z e A m+ i because of the bound on 
the energy shifts 

|£X + i - K\ n m \ < cg 2 y n , 

given by Lemma \5M and because of dTTT) . Hence, using (|94l ) we find 



(112) 



} P \mPP\m' ~ w ,„, 1 P ImV^L 

1/2 



1 



-©in' 



lip \ m C 



< 



z 

7=1 



1 



H W '\" -7 



r A oW'im-l , r (n) r (n) n 



P,m ^P,m-\i ttW'w 



H P \'m-l ~ Z 



1/2 



J- 1 



X 



T\" 



X 

< C 
Furthermore, 



1/2 



tjW in 

W P lm-1 _ Z 



^P lm-1 _Z 



r (! 'i"//) i" 



1/2 



Tp l m 0plm 



(113) 



1 



\ n P lm-1 ^ ; 



1/2 



Tp Im^lm 



< 2 



1/2 



+ 2 



irWin _ 

n P lm-1 < - 



tjW \n _ 
W P lm-1 - Z 



Tplm-l^lm-l 



+ 



1/2 



U P \mVP\m ~ 1 P lm-l^lm-1^ 



(0|« 



Term (|1 141) : Exploiting the property 



(^Im-l'Tflm-l^lm-l) = 



(114) 

(115) 
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and the spectral theorem, one can show that the term on the right-hand side of (II 141) fulfills 



1 



jjW'm 



1/2 



P \m-\VP\ m -\ 



A. \ n 



< c 

< c 
+ c 

<c 7 



<i)\n 



1 



p(0|i j. in 
1 P \m-lrP\m-l' 

j. in 
/> l m -i<^PI m _i 



^Win _ 
11 P hn-1 < - 



T<i)\n j. in 
1 P \m-\'rP\m-\ , 



P U-lWrn-l' rrW'in _ _ 

n p W-l Z 



pWin ,A I" j. in 

1 P Im-irPl/n-l' TiW'in _ P U-irPlm-l 
"i> lm-1 V 

VeA m ,zeA m+] 



(116) 
(117) 



dist(z,Spec(^X-i r r|» _J \ {2?X-i}) 



-1 01m- 1 



r plm-10lm-l' ~£pji ~ r ^lm-l^lni-l 



P'm-l 



-J 



.Tplm-l^lm-l' 7^717 



Pim-l 



-J 



(118) 
(119) 



for y 6 A m (recall that z e A m+1 ). In passing from (11161) to (11171) we have used the property 
(^pC-i^m-v^m-i) = which implies that the vector ^ ( p\ n m _ l (pp\'' n _ l has spectral support (with 
respect to HT\",) contained in the interval (E'\" , + %T m -\, oo), and hence: 



a) 





1 




^Plm-l^lw-l' 


rpll-rK-] < c | 


H 'p\m-\ -y 



-J 



b) 



Plm-l^lm-l 



1 



Pim-l 
1 



pL-I^L-I 



r plm-10lm-l' 



P'm— 1 J 



dirt (z, Spec r ri^) \ {^X-i)) 

In the step from (II 16l) - (ll 181) we used inequality (|1 12|) . Therefore, we can conclude that 



n jjn 



P\m-l9\m-\ , 



dm < c 7 

Term (|115l) : We first observe that 
(fTT3T) < 4 



Plm-lVV-1' 



H'pt-i-y 



r plm-l^lm-l 



(120) 



1/2 



+ 4 



ttW in _ 

W P lm-1 ~ Z 



H W '\" -7 
11 P lm-1 *• 



/"p(')|« _ p( ! ')in 
V 1 p \ m v p \ m - 



l)0plm 



+ 



1/2 



r ?lm-l(^lm ~ W-l) 



(121) 
(122) 



In order to estimate (11211 ) we use the identity in (1921 and the following ingredients: 
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c) The bound on \VE' p \ n m - VE' p \ n m _ { \ from LemmaO 

d) The estimate in i.e. |Cg? - C^_ t \ < g 2 Cy m - 1 

e) The bound 



( w 1 _ | f ^ *[a m (V£X-P*) - a^iVE'rC^MiKk) + b*(k)) 



</c 7 m - 3 . 



Hence, we obtain 
C 



CEZD< 



veA„ 



« P L_i - y 



1/2 



AffW' \m-1 



P 'm-l 



1/2 



m-l 



+ 



+ 



pl", - 0pl m ! 



ll0pl m _ll| 2 H«l| 2 



+ 



+ 



c 



,2 s~-<„ m—3 



(123) 

(124) 

(125) 
(126) 



where (11231 )- (1124|) . (11251 ) and (11261 ) are related to ingredients c), d) and e) respectively. 
For the remaining term (11221) we use analytic perturbation theory to find 



yeA„ 



V (fT22l) < Cr m sup 

y- 

CO 



1 



rrW" in _ 
"P * 



1/2 



1 



\^p im-i -y 



P 'm-l ^ 



1/2 



A £/W' 1 



1 



X 



P 'm-l S 



1/2 



a fTW im-1 

« lm 1 ri-Wm 



p im-i " y 

I \l/2 



1/2 



1/2 



X 



7-1 



X 



7TS 



P 'm-l 



-J 



m-l 



1 



E'\ n -v 



1/2 



C 1 



< — — sup 



TjW'\n ,, 
W P lm-1 



1/2 



^p im-i -y 



1/2 



m-l 



where we have used the estimates in (|101l) - (11031 ) for y e A m , and, using the identity in (1901) 



1 



tjW in _ 

n P lm-1 ^ 



1/2 



p(i)|« 

1/2 



P 'm-l 



1/2 



(127) 



Tr 



H 

< Ct- 1 j- 112 



-i— ) [p/ - p + + bis + ria ( 1 — ) 

pU-i z / V^pim-i ->7 



1/2 



(128) 



The inequality in (11281) can be derived by combining the first inequality in d39l) with Lemma l3~T2l 
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Using Lemma [631 Assumption A(iii), the estimates (11071) , (11081 ) and the constraints (|68l ) we 



get 



(HID < c [gY 2 + g 2 y~ 3 (i + y-'^g- 6 ) + y'^ + sV' 3 + g 2 Y n ~ 3 } < 



c 



dm} < qv 3 (i + y-— i^r 5 ) < - 



c 



7~ 



and hence, 



<nn>< 



C 6 

m+2 

7 2 



(129) 



Finally, we collect inequalities (11201) . (11291) and make use of assumption A(iii) to derive 



\gf 



P \m y ffUn'> 



Mm- 



1 



■V , 

TjW'\n 7 

11 P >m *■ 



-2^1 , , ,s Q 



<C 7 y 2 +|g| 



< y 

7 2 



for y and \g\ sufficiently small and fulfilling the constraints in (|68l ). This proves claim C(iii). □ 

We shall now provide the lemmas we have used. 

Lemma 6.4. Let \g\ be sufficiently small. For n,m e N the following expectation values are uni- 
formly bounded: 



\(<f>p\" m , U P \" m (pp\ n m )\ , \((pp\" n , ttpCfolm) 



<c, 



Proof. We only prove the bound for the first term. The second can be bounded analogously. Let 
n, m € N. By definition of the transformations W m and using the fact that the vectors 



are parallel and their norm is less than one, we have 

|<«,np|»«>| 
< c 



VI/' in VI/' in 

P'm \pf , Din , T3*\n r (k,n)] T pln; 

— , [P +B\ + B\ - C Pm j — — 



pimi 



m 

,"T 



< C[|P| + |V£XI + IC?j?l 



where the last inequality holds by Lemma 15^91 

Lemma 6.5. Let \g\, £, y be sufficiently small. Furthermore, let n e N, m > 2 anJ z 6 A m . TTzen 



□ 



1 



TjW'm _ 
11 P lm-1 *■ 



1/2 



AfjW' im-1 



1 



#P - z 



1/2 



1 + 



I 



1 



HO in ^ in _ 
1 P Im-lVPlm-l' rrW'ln 

W P lm-1 - Z 



-(Oin 

P Im-lVPIm-l 



in 



(130) 



holds true, where AH™' \™ 1 is defined in ft94\) . 
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Proof. Recall the expression for AH^'\™ 1 given in (|95l)-(l97l) . With the usual estimates one can 
show that 



1 



tjW m _ 
n P \ m -\ C 



1/2 



(65) + ®) 



1 



TiW'yi _ 
n P hn-l 



1/2 



<PpZ 



m— 1 



< \g\Cy- 



(131) 



Next, we control the first term in WT\ . First, observe that 



H w '\" -7 



1/2 



( /ft") \(n) \ r i« 
V^Pm A Pm-l>' L P\m-\ 



n P lm-1 * 



1/2 



<Mm-l 



1 



rrW" in _ 
"P lm-1 *• 



c^-<-,)-riCi* 



(132) 



Second, we recall that Ay - Ap . contains boson creation operators restricted to the range 
(r m , r m _i] in momentum space. Therefore, 

(^ILi^^-^i-i-rplL^plL^o, 



which implies 



V^Pm ^Pjn-V P\m-VrP\m-V zjW'tn 



1 



( A Pm ~ A P,m-l) 1 P\m-\^P\m- 



(133) 



by using the spectral theorem and the gap estimate for //jTl^ \ Note further that 



Using the pull-through formula we get 
1 



irW'm 



fc*(]fc) = b*(k)- 



1 



//ST , + k 2 + fc-r P |" ,+|fc|-V£' p |" .-k-z 

P 'm— 1 2 r 'm-i 1 1 P'm-l 

so that we can rewrite the right-hand side of (Q~33) as follows: 
G33]) = J~J£ MV^ILi)-^-!^^)]^ 



xU-rpi^^pi".!, 



m-lVPIm-l' TjWi n 



m'\ n , + \k 2 + k-T P \ n ,+\k\-VE'\ n ,-k-z 

P 'm-1 2 r 'm-\ ' 1 P'm-l 



(134) 



In order to expand the resolvent in (11341 ) in terms of k • Tp|^ t we have to provide the bound 

1/2 / -, \l/2 



1 



Hj\ n m _ x +f P>m -m-z 



1 



< 1 



(135) 
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for T m < \k\ < r m _i and z e A m , where we have defined 

fp, m -x(k) ■=^k 2 + \k\(l-VE' P \ n m _ 1 -'k). 

Recall that 

TAl-r = P f +A% n _ x + Bf + BT - WL-i)^ 
The necessary estimates are: 

1. For \g\ sufficiently small, the lower bound 



f P<m _m - \E' P \ n m -i ~z\> \k\ \1 - VE' P \ n m -, g 2 J- X C\ > 

holds because z belongs to the shifted contour A m so that 

1 



(136) 



\E P \ n m _ x -z\< -£T m + g CT m _i. 



The inequality in (11361) implies 

1 



1/2 



nu K \k\{\-vE' P \i-,-k-\c-g 2 y- l c) 



2. By the unitarity of W m ^(V E'p^) and using [B\ n , W^^VE'p^)] = as well as the standard 
inequalities (T22l) . we have 



k ■ B\" 



1 



(,, #ri" ,+fp„-m-z 



1/2 



< \g\ \k\ C 



TV 



H 



1/2 
RO 



1 



H'p^+fpjn-m-Z 



1/2 



TV 



3. By definition of the transformation W m -\(V E'p\" n _ Y ) and the transformation formulae (11981 ), 

W^CVZ^-iX^ " P^W^iVE'pt^T =P- P f - ^f m _ x - c*£, 
holds on D(Hpo). Hence, we have the bound 

k-(P f +A%_^ + ) (Jk) _ z ) 



(P-P f )( - 



<\k\ 

+ \k\(\P\+g 2 C) 
< \k\ V2 H 



l>.m-\(k) — Z 
1 



1/2 



1/2 



1/2 
RO 



ffX,+^-i®-z 

1/2 



l P'm-l 
1 



arm 



H'pM^+fp^-m-z 



r\';„ 
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4. Using the a priori estimate <123T > in Lemma I3T2] one derives 



H 



1/2 



< 



1/2 



VI - \g\Ca 



arm 
J 'm-l 



I in \l/2 



1 



H' p \ n m -l+fp,m-l(k)-Z 
1 



1/2 



Collecting these estimates, we find: 

.1/2 



1 



^ • Tplm-l I rrW'\n 



1 



ff;ti+/^-iW-^ 



1/2 





2 \ 







J 'm-l 



<\k\ 



.Hj^+fp^m-z 



1/2 



X 



(137) 
(138) 



x 



V2 + |g|C 
+lgl<7, 



(tfpl"-l) 1/2 



1 



1 



1/2 



^iLi + fp, m ~m - z 



H' p \ n n ^+fp,m-x(k)-Z 

y/2 

+ (\P\+g 2 C) 



+ 



\ 1/2 


2 \ 







1 



\ 1/2 









Note that 



(#X-i) 1/2 

Finally we obtain 
(H37])< 



1 



H' P \i-i+fp,m-m-z 



1/2 



'iM- 



< 1 + 



\E'Z 



Phn-V 



f P , n -m-\E' p \ n m _ l -z\ 



1/2 



x 



X 



V2 + lg|C f |p , ,„ 

VI - \8\Ca 



I I — 1 \ \ 1/2 

(|2<X-il + T m _!(l - Vi?X-i CgV 1 ) + gQ>) + (|P| + g 2 C) 



so that 



lim sup 023 < < \ 

|g|,y,f— >0 1 ^ max * 



for P max < j. By continuity, inequality (11351) holds for g, y in a neighborhood of zero. 
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Going back to equation (11341) we can proceed with the expansion (in k-T P \1 n _ l ) of the resolvent: 



m < c g v- 2 sup 1 



(fc)-z 



1/2 



p(')in j in 
1 P Im-l^Plm-l' 



(139) 



I 

7=0 
X 



1 



\Hf\" +f PM _ 1 (k)-z 



1/2 



k ' Tptl - l \HT\i_^f P ^m-z 



1/2 



X 



1 



'P IfB-l 

3 

(=1 r m <|t|<T m _i 



1/2 



r plm-l^lm-l 



1 



HT\" m -X+fp,m-l(k)-Z 



1/2 



-<0in 
f Im-l^rim-l 



(140) 



Since fp m -i(k) > and because of the property {(pp\ n m _ x ,T P \" n _y(pp\ n m _^j = it follows that 



1 



1/2 



r plm-l^lm-l 



< c 



-(Oin 
P lm-1 



1 



11 P hn-1 c 



<i)\n 
P lm-1 



Combining the estimates in (11401) and (11311) yields the claim of the lemma. 
Lemma 6.6. For all n,m e N and Q, Q e R 3 wzY/i \Q\, \Q'\ < 1 estimate 

\Wm(Q) - w m (Q')] v' p \ n j z \g\QQ - Q'W lnT «l 

holds. 

Proof. The Bogolyubov transformations W m defined in (fT4|) can be explicitly written as 



□ 



W m (Q) = cxp\ dka m (Q,k)(b(k)-b*(k))\, 



so that 



\\[w m (Q) - w m (Q')] ^ 



rffc [cx m {Q, k) - a m (Q', k)](b(k) - b\k)) W 



(141) 



In order to estimate this term we employ: 



1 . The identity (22} in HFro731 Equation (1 .26)] that relies on the bound E' p ^ n m -E' p \ n m > -C VE \k\, 
\P\ < P ma x, from Corollary EHiii). 



2. By definition of a m it holds 



I 



dk 



1 



a ffl (2,fc)-a m (2',fc) — < \g\C\Q-Q'\ |ln*-lnT„ 



3. W P U\ < 1 
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With these estimates, the claim is proven. 

Lemma 6.7. Let \g\ be sufficiently small. For n,m e N the following estimate holds: 



□ 



|V£X-V£X-il 



<g 2 CT^ 1+ Csup 



tjW'm 



1/2 



^P 'm-1 ~ Z 



1/2 



+ c- 



Proof. Let n, m e N. Using Lemma IBT91 we have 

V£pl m - V£X-i = + b\i + IT g) - (p' + bis + 1T%) 
which by unitarity of the transformation W m -i(V E' p \" n ] ) and W^VZipl^j) can be rewritten as 



v£ *pl„, VlipL. 



Plm-1 



We have already noted that \Cp'^ - Cp^_ x \ < g l Cj m -\. Moreover, we observe 



W<tr\'U\ 2 



+ |fri:.npi>i:) lii^ir 2 -^ 



ii«ii 2 



I" 11-2 



(142) 
(143) 



We know that the norms || and \\^> P \" n \\ are by construction smaller than one and non-zero. 

Using Lemma l6~4l we find 



(TT431 < C 



ll«-lll 2 ll«ll 2 ' 



In order to bound the term (jl42l> we use 



ll«_ill 2 CI2|> = 



((<Pp\ n m-l ~ fat) ,n P \" m -l(f> P \" m -l) + 

+ («,[np|^ 1 -np|^]«_ 1 } + 
+ (<f>p\"„, n P i;; {fp P \i^ { - (f> P \i)) 



(144) 
(145) 
(146) 



The term (11451 ) is bounded by 



i©i< ^i^icr; n /2 
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because by the standard inequalities (1221 ) 

J dk k[a m {VE' P \ n m _„k) - a m ^E' P \ n m -vk)]b(k)(f> P \l 
k[a m {VE' p \1 n _ v k) - a m ^E' p \ n m _ v k) 



< C 



I 



dk 



11/2 



m— 1 

2x1/2 



(H f \T l ) 



1/2 



Terms (11441 ) and (11461 ) can be treated in the same way, and we only demonstrate the bound on 
the former. Using analytic perturbation theory we get 



<Cr m sup £ / (— -i 
zeA„, y=i \ LWp l m . 



(147) 



P hn-\ 
1 



1/2 



a fjW'im-1 
... n lm I rrVf' In 

z) \ti p | m _! -z 



1 



1/2 



n i" " ' 

^P lm-1 ~^ 



1/2 



1/2 



m-1 



< Cr m sup 

zeA„, 



W P lm-1 ~ 2 



1/2 



« ™ I TjW'\n 



1 



#P lm-1 - Z 



1/2 



X 



X 



ttW' \n _ 
11 P lm-1 *■ 



1/2 



Phn-l I TjW'in 



H P lm-1 - Z 



1/2 



(148) 



The term in (|1481 ) can be controlled similarly to (|127t in the ultraviolet regime so that we finally 
have 



1 



ttW m _ 

n P lm-1 C 



1/2 



Hplm-l 



1 



rrW in _ 
n P lm-1 ^ 



1/2 



(149) 



Combining these results, we obtain the estimate 



((<Pp\ n m -i ~ <Mm)> n plm-l<Mm-l) 



which concludes the proof. 



< C sup 

zeA„, 



ttW in 

W P lm-1 ~ 2 



1/2 



A £W',m-l 



#P lm-1 ~ Z 



1/2 



<t>P\,«-l 



□ 



7 Ground States of the Transformed Hamiltonians H 



W'\oo 
P loo 



In this section, we finally remove both the UV and the IR cut-off (cr n and r m , respectively). In our 
study of the removal of the IR cut-off in Section [6] we have proven that 

ll«-«-ill^(™ + i)r f 

holds for any neN. We shall now provide the analogous bound 



UpC- 4> P \l- l \\ < CmK 3m+l \\n 7 r 



1/2 



(150) 
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as the UV cut-off is shifted from o~ n -\ to o~ n . The constant K > 1 will be introduced in Theorem 
17.51 The latter bound, derived in Corollary 17.61 holds for any IR cut-off r„, and uses a particular 
scaling N 3 n := n(m) > am for 

- In |y| 

a:=— — — > 1. (151) 
ln/3 

These two estimates will enable us to prove the second main result Theorem [2T21 at the end of this 
section. 

Remark 7.1. In this section we implicitly assume the constraints \P\ < P max and 1 < k < 2. 
Furthermore, g,/3, and y are such that all the results of Sections^ \5\, and^hold true. 

In order to control the norm difference \\4>p\ n m - (M^ -1 !! we notice that for m > 1 the vectors (f> P \'' n 
can be rewritten in the following way 

« = w m m P \ n m ) Q' P Lw\ m m - l (VE' P \:^y ■ ■■Q' P m\VE' P \\ya P \\ w\%VE%y^- 

l|Tp| || 

where Q'pl'^ is defined in (|76|) and 

flC'(Q)* := W m (0*WV(0, <(0* = W,(Q). 
The following definition will be convenient. 
Definition 7.2. For neN an J m > 1, we define 

rjp\ n m := W m (V£X)*«, (152) 
and := </>p|q = ^pIq/H^pIqII in the case m = 0. 
Note that by construction we have the identity 

irfLi = & P C + iW\2 +l (VE P \iy nP \ n m , (153) 

and moreover, since the transformation W m is unitary and due to Theorem 16.31 the bounds 

1 > ll«ll = llifc.PI * \ (154) 

hold true for all m,n e N. First, we prove two a priori lemmas that can be combined to yield 
Theorem 17 .51 

Lemma 7.3. For any m e N, let N 3 n > am > 1. There exists a constant K\ such that for \g\ 
sufficiently small the following estimates hold true: 



\\rip\l +l -n P Z^\<\\Ml-ri P \r\\ + K, 



1/2 



(155) 



The Mass Shell of the Nelson Model without Cut-Offs 



42 



Proof. By using (11521 ) and (11531) we get the bound 



IMLi -vpC + \\\ * \\{V m+ i -^C?i)w|^i^DVC 

+ l^x; 1 ! (wi: +1 (vz?xr - ^(vex -1 )*)^ 
j^x; 1 ! wcicv^ir 1 )* - i/pc: 1 )! ■ 



Furthermore, the expansion 



ry I" _ O' - 



H' \ n ~ l - 7 



1/2 



X 



X 



X 



7=1 



//' I"" 1 - 7 



1/2 



A//' 



n-l\ H ,\n-\ _ 



1/2 



H' I"" 1 - 7 



1/21 



can be controlled by noting that 



H' I"" 1 - 7 



1/2 



< 



m+l 



(see Lemma 1531) . which yields 



sup 



//' I"" 1 - 7 
"pWi-1 <• 



1/2 



A//' 



«-l | jjt \n-\ 



1/2 



<Qg\ 



T\" 

J 'm+l 



1/2 



(156) 
(157) 
(158) 



x (159) 



(160) 



(161) 



by a similar computation as for (|50l . Now, by the choice n > am and \g\ sufficiently small, the 
right-hand side in (11611 ) is strictly smaller than 1 . Hence, we get 



m m+l -&p\£i\\zc\8\ h=r 



m+ 1 



1/2 



Moreover, under the constraint in (I681 l we get the bound 



<H57]) < cigii in r | |v£X - V£X,i < c |v£X - V£X _1 I 



by a similar procedure as used in the proof of Lemma 16.61 The remaining term (11581 ) can be 
estimated using the unitarity of W m . This concludes the proof. □ 

Lemma 7.4. For any m e N, let N 3 n > am > 1. There exists a constant K 2 such that for \g\ 
sufficiently small the following estimate holds true: 



VEX-VE' P \» m ' <K 2 



(^) ' +IM-rf 1 ll + |v£ 



'I" _ V T7' I"" 1 
Plm-l V-^plm-l 



(162) 
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Proof. Let us start with the equality 



I vf" r - VF' i"" 1 ! 



{pf + B\» + BTo) w ,-{P f + B\r l +B*\^% 



• \ll \ 'U 'U / VI// I 

p\m y ' T p\ 

As ^("j and j] P \'' n belong to the same ray in 'Hp, we obtain 

» = + B\l + BX)^ - (Pf + + ^) wB 
In order to shorten the formulae we define 

V„ :=P f + B\'i + BT 

so that 

1 



re- 1 



C63])< 



1 



+ 



i 



||„ r ln-l||2 



|«,K>7pD| 



ip\,„\\ n'/pi; 

Furthermore, by the definitions in (1821 ). (183T > and (I1521 i we have 

\(r]p\ n m , v nVP o\ = |<«, u P \y P o + c^ii^i^ii 2 ! < c , 

where we used Lemma [6~4l Hence, by (11541) we get the estimate 



Next, we proceed with 



(fT64l) < C 



(M-C 1 )-^!!) 

+ |(7 7 pi;;r 1 ,(K-^ 1 )77pi;; ! ) 
+ |(77pi;r 1 ,y n - 1 (7 7 pi:-/7pi:r 1 )) 



First, we observe that 

tm<c ( nP r m i ,(B\:_ l + BX-M t } 



<C\E 



.1 1/2 



P\m 



: T] P \ n m \B\ U n _y 



1 



H' I" - i 

L1 p\m 1 



1/2 



(163) 



(164) 
(165) 

(166) 

(167) 



(168) 
(169) 
(170) 



1p\1 



holds. Invoking the standard inequalities in (|39l and the boundedness of 



H 



1 



1/2 

11 P \ m 1 



1/2 



(171) 
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which holds by Lemma [3T2l one has 



H' \ n - i 
11 p\ m 1 



1/2 



arm 
J \m 



1/2 



Hence, since the ground state energies are bounded from above and below by Corollary 15.41 

j \l/2 



tm<c\- 



(172) 



holds true. Terms (|168l ) and (11701 ) can be treated similarly. By recalling the identity in (|1531 ) we 
can write 



ess = |((^&wir 1 (V£j,&_ 1 ri7p&-i ^ir'cv^ri/pi^), v B i/pi-) 



(173) 
(174) 
(175) 



Observe that 



= {wc\VE' P \ n -\r {tjAU -np\ n -\)M' P VVnr]p\ n m ) 

-J— - (wZ- l (VE' P \"--\r {vp\1-i - rf-i) , ripV) (vpV> V nVP \ n m ) . 



WtIpK 



With 



(r]p\ n -\V n rj P \" m ) 



<C\E 



.1 1/2 



P\m 



ripV,H^ 



m ' P0 I tt/ in _ ; 

\ii p \ m i 



1/2 



T1P\1 



+ C\E 



nn-i A 1 ' 2 



Phn 



n-l 



\ 11 p\ m 1 



1/2 



Hpc\ T lp\m 



and (11711) . we obtain the first estimate 

G23 < qMU - i&Cill K^IST 1 . < c\\ nP \ n m _, - ^ll- 

Furthermore, (11741 ) can be bounded by 

< C\g\\ lny] |V£X-i - VZSXil < C - V2?X-i| 

where the constraints (1681 ) has been used again. Finally, using the resolvent expansion in (11591 ) we 
get 
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and the standard inequalities in (1221 and Lemma [3T21 yield 



Cm) < C 



1/2 



Carrying out the same argument for term (|170) one obtains 



G68]) + CL70]) < C 



1/2 



+ iM-^irn+ V£ 



r' I" _ VF' I"" 1 



which, together with estimate (1172k proves the claim. 



□ 



Theorem 7.5. There exist constants K > max(^i, 5), g* > and 5 > J* > such that for 
\g\ < g* and y <y* the following estimates hold true for all finite neN and N 3 m < n/a: 

' P'm v ^ P I m 



< K 

m II — 



3;;i+l 



(-*-) 

I n \ 1/2 

\~Fy"') ' 



Proof. Let neN and fix ^ > max(Xi, £2, 5). We prove the claim by induction in m for m < n/a. 
Statements (i)-(ii) for m will be referred to as assumptions A(i)-A(ii) while the same statements 
for m + 1 are claims C(i)-C(ii). We recall that r] P \ n Q = fo\ H Q = ^/WpQ so that C(i) and C(ii) for 
m = are consequence of (158T ) and (1551) for \g\ sufficiently small. The induction step m => (m + 1) 
for (m + 1) < - is a straightforward consequence of inequalities (|1621 i and (11551) : For C(i) we 
estimate 



n 



•nr.,m+l 



1/2 



+ l« + i-^ir + 1 ill + \^E' p \l-VE' P 



1 \n-\ 

m 



<K 2 



1/2 



piyin+l 

+ \\Tlp\ n m -Tlp\ tt - l \\ + K x 

1/2 



+ Ivf' i" - vf' r~M 



1/2 



+ |VF' I" - VF' I" -1 1 



< K(K + 1) 



ra-1 



ariym+l 

+ K(K + l)\VE' p r m -VE Phil 



+ K\\T} P \ n m -T] P 

Hence, A(i) and A(ii) and J < \ imply 



^EX + x-^E' P \^ + \\<K^ + \ nn m+1 



1/2 



K 2 K 3 \K K 2 ) K 2 



which by the assumption on K proves C(i). For C(ii), using (|155l ) again, we get 

,1/2 

iM + i-^ir + 1 iiuM;: I -'7pi;r 1 ii+^ " 



< K 



3(m+l)+l 



/3"y 



+ vFx-v^ir 1 



1 1 1 

+ K^ + K 2 



which by the assumption on K and y < \ proves C(ii) and concludes the proof. 



□ 



The Mass Shell of the Nelson Model without Cut-Off s 



46 



Corollary 7.6. Let n > am > 1. For \g\ and y as in Theorem \7.5\ the estimate 

m i-^-\\<CmK^[^' 2 

holds true. 

Proof. By Definition 17 .21 and the unitarity of the transformations W m we have that 

n« - faVw < \\[w m (VE' P o - w m (VE' P \<; t ; l )]ripU\ + 11^1;; - nr\:; l \i 

The lower bound on the norm of T] P \" n in (|154l) together with Lemma [6761 and the constraints (1681 ) 
yield the estimate 

\\[W m (VE' P \ n m ) - W m {VE' P \ n m l )]r, P U < Cm \VE' P \ n m - VE' P \ n ~ l \ . 

The claim then follows from a direct application of Theorem 17 .51 □ 

Before we can prove the second main result, we must show the convergence of the fiber Hamil- 
tonians under the simultaneous removal of the UV and IR cut-off, Hj Q — > EPj'l™. For this, we 
need a slightly faster scaling n{m). 

Lemma 7.7. Under the same assumptions of Theorem 17.51 there exist a > a such that for any 
N 3 a' > a and n(m) = a'm, the Hamiltonians (H™' |m (m) )meN converge in the norm resolvent sense 
as m — > oo. 

Proof. The convergence of the resolvent of //jT|m m) consists of direct applications of results of 
Section HI Section [6] and the present section. Let z = iA with \A\ > 1. First, we observe that for 
all m e N the range of (//jT|m m) _ z)~ l equals D(H PQ ) which is dense in T . By the Trotter-Kato 
Theorem HRS811 Theorem VIII.22] it suffices to prove that the family of resolvents ([//jf Q - 
z] _1 )»ieN is convergent. We begin with 



+ 



< 



fJ'U _ 7 H' _ 7 

11 Phn *■ 11 pim *■ 

1 



1 



W m (VE' p \ l m yH' p \ l - l W m (VE' P l) - z W m (VE p \ l -iyH p \>-iW m (VE' p \ l -i) - z 

where we used unitarity of W m in the first line. Mimicking Corollary 14.71 the first term is bounded 
above by 

/ 



Clsl U 



1/2 



With the standard inequalities, the second term is bounded by 



Qg\ 



1 



(HpV-zY' 2 



(H>) 



1 



(HpV-zY' 2 



which can be further bounded by 



Qg\- 



m/2 jf3m+\ 



lm 7 



.y~ mll K 



0yn 



.1/2 



1/2 



Iv^iL-v^- 1 !, 
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with the help of Lemma [3T21 and Theorem 17 .51 Hence, it holds 



1 



Hf\T ] -z HT 



W \ n(m—\) 
p \m 



- z 



where 



K 3 



>a'/2 



< a'C\g\K (am) 



< 1 



1/2 



K 3 



■a'/2 



for a' > a and a sufficiently large. 

Moreover, using the explicit expressions (1851 ), (1861 ), Lemma [1721 the bound 

at fixed n from Lemma 16771 and a resolvent expansion one can show that 



1 



tjW I n(m-l) _ 
" p \m <■ 



H 



W in(m-l) 
p \m 



< 



c 



llmzl 



1 



ttW 



W' i»(m-l) 
p \m 



- Z 



1/2 



(m-1) _ tt 
m P Un 



W'\n(m-\)\ 



1 



HT 



W' \n(m~l) 



V 1J p \m 



- Z 



1/2 



where the right-hand side in (11791 ) can be controlled in terms of (11781) . 



Furthermore, we observe that 



TjW'\n(m-l) _ TjW'\n(m-\) _ 

n P \m Z n p | m _j 4, 



< 



cw 



(m-l)/2 



Imz| 



by operator estimates similar to those used to control (11021 . 



(177) 



(178) 



(179) 



(180) 



Finally, for a' > a and a sufficiently large, the estimates in (|1771 ), (|179l ) and (|1801 ) imply that 
the family of resolvents ([Hj'Q - z\~ x ) m m is a Cauchy sequence in the norm topology, which 
concludes the proof. 



□ 



We can now prove the second main result, namely the convergence of the ground state vectors 
4>p\" n as n, m — » oo with n = n(m). 



Proof of Theorem 12. 21 in Section^ 
(i) Define 
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For any N 3 a' > a m [ n , let n(m) = a'm. By Theorem |6.3l and Corollary 17 .6 1 we can estimate 



¥p\T } -<t>p 



n(m-l),, I, , |«(m-l) , m(m-\)i, , 
m _l II < Il0/»l m _i - 0Plm II + 



l=a'{m-\) 



CmK 



3m +1 



< my^ + a 

<myV + m 3/2 a' 3/2 CKB a '' 2 



a m 



K 3 



l/2n 



Due to (USB the term < 1 so that (<Mm (m) ) 

mgN is a Cauchy sequence. We denote its 
limit by (f>p\Z- Finally Theorem I6.3l ensures that the vector (f>p\Z has norm larger than \. 

(ii) Let E' p \Z := lim^^ E'\™ which exists by Corollary I5H By Lemma ITTTI and (i), E' p \Z is the 
eigenvalue corresponding to the eigenvector of H™'\™. Furthermore, 

Spec(<i:) = S V oc(H' P \ n m ) c [E^oa). 

By the nonexpansion property of the norm resolvent convergence for self-adjoint operators 
IR55T1 Theorem VIII.24], this implies that (f) P \Z is ground state of Hj\Z and E' p \Z is the 
ground state energy. 

□ 



A Proofs of Lemma S3I and Corollary 15^4 

Proof of Lemma \J72\ Let if/ e D(H p 2 ). We start with the identity 



(182) 



where 



l - ((B\ n ) 2 + (B*Q 2 ) + BX ■ B\" - OP - P f ) ■ B\" - BT ■ (P - Pf) 

= Re [{f, (BQ 2 i/r) + (B\ n i/r, B\&) - 2 ((P - P^, B\ n ^)] . 
We denote the number operator of bosons in the momentum range [k, cr„) by 

N\ n := f dkb(k)*b(k) 



and express the vector t/r e T as a sequence (iA ; )y>o of j-particle wave functions i// J e L 2 (R 3; , C), 
j > 1, and if/ 6 C. Following [Nel64, Proof of Lemma 5] it is convenient to consider an estimate 
of the following type 



Re (ifr, (fl|J|)V) = Re ((N\" + 3) 1/2 «A, C-AHo + 3)" 1/2 (5QV) 
< \\(N\" + 3) 1/2 -A|| HCZVIS + 3)- 1/2 (5|^)V|| • 



(183) 
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We consider the two norms in (11831 ) separately. For ZcRJ let tj(k) = ti(\k\) denote the character- 
istic function of /. Schwarz's inequality gives 

1/2 / D in\2 ... II 2 



||(A^ + 3)- 1/2 (ir ) 



7=0 ^ ^ 



7+2 



i+2 



< 



U + l)(j + 2)^ +1 ) 1/2 l [ ,, CO )(^ +1 )a;(fc ; - +2 ) 1/2 l kco) (fc 7 - +2 ) ^ 

ZjLl l[/r.«)(*i) + 3 

xi^ 2 ^...^)! 2 

+ 1)(J + 2)^(fc J+1 ) 1 / 2 a>(^ +2 ) 1/2 l kco) (fc ; - +1 )l kco) (^ +2 ) ^ 

l£f l[«,oo)(*j) + 1 

x|^' +2) (^...^ +2 )| 2 

cig 4 E dk i - - J dk j+2 (j + 1)0' + 2)^ [a>(fc 7+ i)l [KiCO) (fc ;+2 ) + w(£ /+ 2)l [K>0 o)(&; + i)] x 

|^ +2) (fci...^- +2 )| 



Yj£ l [K ,oo)(ki) + 1 



(184) 



for an n -independent and finite constant 



c\ : = 



dk 



P(k) l[*,oo)(fc) 



2x1/2 



Using the symmetry we get 

oo „ _ j+2 \Mj+2),i £. \\ 7 

dm =g% J]] dh... l dk j+2 j] E "(m^ikj " ' 1 - ! 

j=0 ^ ^ /=1 mM 

°° rs p 7+2 

<g 4 c { I . . . I dk j+2 2_j ^ik) 

j=0 ^ ^ [ /=1 

For the remaining term in (11831 ) we compute 

<<//, (JV1S + 3)<//> < - (<A, ffty) + 3 <<^> . (185) 



Z-=i J[*,°o)(k<) + 1 



Moreover, we estimate 

(i/,,(p-pf)B\ n if,}\ < \\{p-p f )n mm < V2ii4;vn mm 

where by the standard inequalitites in (|39l ) 



\\B\m < \g\c 2 \\{Hf) ll2 ifj\\ 



(186) 



(187) 
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holds true for an n-independent and finite constant 

p(k) l[ K ,oc)(k) 



c 2 := 



I 



dk 



m. + aft oj(k) 



1/2 



2x1/2 



Finally, using the standard inequalities in (|2~2l again, we find 

(>/f,gmU)\ < 2\ 8 \c 3 m \\{H f f l2 n < \g\c 3 ({i/,,H Pt0 ifr) + <<a,«a» 

for an m-independent and finite constant 

p(k)l m (k) ' l ' 2 



(188) 



c 3 



-If 



dk 



aj(ky 2 

Hence, for \g\ < 1 the identity (1 1821) and the estimates (I183M188I) yield the bound 
\(iff, AH' P \&)\ + g<D|>) < \g\ [c a {iff, Hp, f) + c h (iff, if,)] 



(189) 



for m and n-independent positive constants c a and q,. For \g\ < — inequality (11891) proves the 
claim. □ 

Proof of Corollary \5.4\ 

(i) We note that E' p \ n m < (p., H' p \^fij = -y and, furthermore, by applying Lemma [3721 we observe 
that for any (f> e D(H p /2 ), | \4>\ | = 1, 

< (1 - \g\c a ){<p,H PS 4) < (<f>,H' P \ n m cp) + \g\c h . 

(ii) First we study the case \k\ < 1 where we follow a strategy similar to HCFP091 Section VI]: 

E'pJL - EX = inf [{<p, (H' P j; n - H' P \ n M + (cp, H' P \ n m V>) ~ E' P \"J 



> inf 



--\k\\ (if, (P - Pf + B\ n Q + B*\q)<p) I + (<P, H' P \ n m <p) - E' P \ n m 



1 /2 

where the infimum is meant to be taken over (p e E>(H pQ ) n T\f n only. By the standard 
estimates (1391 we get 

| ( P -pf + B \ n + BX)f) I < ( V2 + 2\g\C)\\H 



(190) 



where C does not depend on n since B*\^ can be seen to act to the left as B\" } and the integral 
in (l39l) converges for any n e N U {oo}. Using Lemma l3~2l it turns out that E' p _ k \m ~ EX, 1S 
bounded from below by 



inf 



\ \8\Ca 

V 1 - isi c « 



> inf 

i>0 



it 2 



=: mff(X) 

A>0 
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where 



f(A):=^--\k\ 



V2 + 2CH / 

V 1 - \S\Ca ^ 



(191) 



The infimum can be attained either at A* = or at A* such that /'(/I*) = 0, i.e. 

|fcl 2 (V2 + 2Clg|) 2 , 
A = — : — — (E P \ n m + \g\c b ) 



1 - \g\Ca 



(192) 



Case A* = 0: Since 



/(0) > -\k\ V ^4^ 1 V^ 1 * + ^ |Cfo 

V 1 - isi c « 



and, by claim (ii), 



< E' P \l + Iglo, < — + \g\c b < n 



p2 

max , i i 

+ \g\Cb , 



we obtain the lower bound 



Vi - Isl^ \ V2 / 



(193) 



Case /I* > 0: To evaluate 



/on = y 



! "2 



l(V2 + 2C|g|)^ 



(£X + \g\c b ) 



1 - l$|c fl 

we consider that A* given in (11921 ) is assumed to be larger than zero. This implies that 



m > — 



1 



(^2 + 2C\g\) 2 ) 



1 - \g\Ca 

where we have used that \k\ < 1 . 



1 



= -k l \-+0(g) \>-\k\ \-+0(g) 



1 



(194) 



Recall that P max = |. Therefore, taking the minimum of both lower bounds (11931 and (11941) 
for \g\ sufficiently small proves that, for all \k\ < 1, 



Ep-k\m E P \ m > c\k\ , 



(195) 



for any c > \, and in particular for c = C^ E 
For the case \k\ > 1 Theorem 13.11 implies : 



'-P-k\m 



'P-k\m E p \ m - (E 



?> \n 17' I" 



Eo\ m ) + (E \ m E P \ m )>E \ m i^ P \ m 



(196) 
(197) 



where the step from (11961 ) to (11971 ) is justified by invoking the result in the case \k\ < 1, i.e., 
by replacing k = P in (11951) . 
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(iii) Let *FJ" be the eigenvector corresponding to E'\ n m , then we get 



vie \n 

Eplm ^ 



imi^i 



as well as 



'Plm+1 



< 



VI/ ' |« 

T p\m 



m' in m' |« 

/4i ®q,[//x + «; +1 ]^^®^ 



W P \ n J 



ir«. 



IT/' |« 

T plm 

TO 



vie i« 



F' I" 



VI/' in vie in 

P'm Tjr m P'm 



P'm 



WpU 



f' r 



□ 



B Transformed Hamiltonians: derivation of identities (I85|) . (1861) 
and(g2D 



Derivation of identity d&5l ). Let «, m e N. Recalling © we can start with the expression 

H' P \ n m = \{ p - pf f + Hf + |[(^lo) 2 + OBX) 2 ] + BX ■ B\ n Q 
-(P- Pf) ■ B\l - B*\l ■ (P - Pf) + gO\° m . 

This Hamiltonian can be written in the form 

H' P \l = \(P-P f -B\" - Bxf + Hf + g<D|° +Sp n 
where we collected terms acting in the ultraviolet region in 

S P , n := ~\ {[B\ n , P-pf] + [P- pf, B*Q + [B\l B*\%\) ■ 
The conjugation by W m (yE' p \ n m ) on these various terms reads 

W m (VE' P \ n J P f W m (VE' P \ n m T = P f +A? m + C ( l 



(k,n) 
P,m 
(a),n) 



W m (VE' P \ n m ) ^ W m {VE' P \ n m y = Hf + L% n + C Pm 

W m (VE' P \ n J < W m (VE' P \" m T = < + Cg? 
W m (VE' P \ n m ) S P ,„ W m (VE' P 0* = Sp n 



for 



dk cj(k) a m (VE' P \ n m ,k)[b(k) + b*(k)]. 



and A pm , C%\ C%Z>, Cg? given in equations ©. 
Using these formulae we find 



W m (VE' P C) H' P \ n m W m (VEXT = Up -P f ~ 4"! ~B\l- BT ~ Cg?)' 



+ 



(198) 
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Applying the identity (1791) we further have 

P = V£X + ([Pf + B\» + B%i)^ = VEX + (P f + A% + B\l + B%) wM + c£ 

so that we obtain 



= VE& + <n P |» ) M ,+ eg? , (199) 



W m (VE' P \" m ) H' P \ n m W m (VE' P \ n m T 



\ (vE' P \ n m + (P f + A« + Big + IT^ - (P/ + Ag, + fig + 5^)) 2 



P,m ^P,m ^^r,„ 
1 , 1 , 

~ 2 P\m + 2 P' m 

+ V2££ • + A« + B \o + ^lo)^ - (P f + AgL + BIS + 
The transformation W m was designed to yield the following cancellation 



-V2£6-Ag, + + = (200) 

Hence, using the abbreviations introduced in the beginning of Section [6l we finally arrive at the 
form 

KM := W m (VE' P \ n J H' P C W m (VE' P \ n m T = l -Y P \ n m 2 + H* - VE' P \ n n ■ P f + eg, + R P \ n m . (201) 

By analogous methods as in HNel64l for the ultraviolet region it can then we verified that this 
equality actually holds on D(H P0 ). □ 

Derivation of Identity From the definition of //jf \ n m , we can write 

hJ'C = w m {VE' P \i_ x ) w^fVEUUT +«<">cr 1 ] w^EX-O w^ve'^T 

which by virtue of the formulae (11981 ) as well as identity (120 ID gives 

uW'in _ 1 /V in , 7t«) , pSfcij) _ /-(*,») \ 2 

lm - 2 \ ip| m-l " l " /1 P,m ^P.m-l °P,m ^ Pjn-l) 

+ /7 + — LiP m -\ +C D — On i 

- V£' |" , • (i^ + Ap* - A ( p n) . + C* n) - Cf n \) 

r'tn-l \ P,m P,m-l P,m P,m-\) 

+ 8< + C%^-C^ l+ C^_ l+ R P \U 



for 



Lg, := J dk oj(k) a m (VE' P \ n m -i,k)[b(k) + b*(k)]. 
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Due to the cancellation (12001 ) and 

^P,m ~^P,m-\ y£y P\m-l ' \ ^P,m />-1 j ^ P,m ^Pjn-1 P,m ^ P,m-\ 

we finally obtain 

H P \m ~ 2^ ip| m-l +A P,m- A P,m-l + L P,m ~ L P,m-\> +H ~ Wt pL-l ' F + L P,m + K P\m-V 

One can verify that this identity holds on D(Hpq). □ 
Derivation of Identity (192]). By definitions dH) and (1881) . 

r iC - rp|^_j = (ripi^)^!^ ^ - (n P |^_ + u P \ n m - u P \ n m . 

so that (11991) yields 

1 H« - 1 Plm-1 - V ^flm ~ V ^plm-1 + A P,m ~ A P,m-l + C P,m _ L P,m-V 

One can verify that this identity holds on D(H P0 ). □ 
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